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CANONICAL METRICS ON
HOLOMORPHIC COURANT ALGEBROIDS
MARIO GARCIA-FERNANDEZ, ROBERTO RUBIO,
C. S. SHAHBAZI, AND CARL TIPLER
Abstract. The solution of the Calabi Conjecture by Yau implies that ev-
ery Ka¨hler Calabi-Yau manifoldX admits a metric with holonomy contained
in SU(n), and that these metrics are parametrized by the positive cone in
H2(X,R). In this work we give evidence of an extension of Yau’s theorem to
non-Ka¨hler manifolds, where X is replaced by a compact complex manifold
with vanishing first Chern class endowed with a holomorphic Courant alge-
broid Q of Bott-Chern type. The equations that define our notion of best
metric correspond to a mild generalization of the Hull-Strominger system,
whereas the role of the second cohomology is played by an affine space of
‘Aeppli classes’ naturally associated to Q via secondary holomorphic char-
acteristic classes introduced by Donaldson.
1. Introduction
The Calabi Conjecture, made by E. Calabi in 1954 [6], asserts that given a
smooth volume form µ on a compact Ka¨hler manifold X there exists a Ka¨hler
metric ω onX such that ωn/n! = µ. From the work of Calabi and Yau, we know
that such a metric exists and is unique on each positive class [ω] ∈ H2(X,R)
satisfying [ω]n/n! =
∫
X
µ . In the particular case of a Calabi-Yau manifold,
Yau’s theorem [60] implies that X admits a metric with holonomy contained in
SU(n), and that these metrics are parametrized by the Ka¨hler cone of X . The
initial step of the proof is to fix the class [ω], whereby the problem is reduced
to a PDE for a smooth function on X , namely, the complex Monge-Ampe`re
equation, amenable to the application of analytical techniques.
Following the recent advances in Ka¨hler geometry there has been a renewed
interest on extending Yau’s theorem to the case of non-Ka¨hler compact com-
plex manifolds [17]. As a natural generalization of the Calabi problem, and
motivated by string theory, Yau has proposed to study the Hull-Strominger
system, which couples a Hermite-Einstein metric on a bundle with a balanced
metric on a Calabi-Yau manifold, possibly of non-Ka¨hler type. The construc-
tion of compact solutions for these equations was pioneered by Fu, Li and Yau
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[16, 42], and has been an active topic of research in mathematics in the last
ten years (see [11, 17, 50] for recent reviews covering this topic).
In contrast to the existence problem for the Hull-Strominger system, the
uniqueness problem for these equations has never been systematically ad-
dressed in the literature. Given a holomorphic bundle over a Calabi-Yau mani-
fold, one can infer from Yau’s theorem that the key to parametrize the solutions
of the system should be some generalization of the Ka¨hler cone, like, for in-
stance, the balanced cone, as implicitly suggested by the approach in [48].
Even for compact complex surfaces, where the existence of solutions is well
understood thanks to the work of Strominger [55], the uniqueness problem is
still open.
The main aim of this work is to take a step forward towards an answer to the
uniqueness question. To do this, we propose to combine the Aeppli cohomology
of the complex manifold with some unexplored geometric structures, known
as holomorphic Courant algebroids. Despite their very rich properties, these
objects have only received some attention in work by Gualtieri [29], Bressler
[4], Gru¨tzmann-Stie´non [28] and Pym-Safronov [51]. This paper builds on
the idea that the existence and uniqueness problem for the Hull-Strominger
system should be better understood as the problem of finding ‘the best metric’
in a holomorphic Courant algebroid Q with fixed ‘Aeppli class’. Compelling
evidence for this proposal is given by the results described below.
Our approach to the Hull-Strominger system is gauge-theoretical in nature,
and very close in spirit to the recent moment-map interpretation of the Cal-
abi conjecture by Fine [14]. Regarding a holomorphic Courant algebroid as
the Atiyah Lie algebroid of a holomorphic principal bundle for the (complex-
ified) string group [20], the present work brings up new tools–such as the
dilaton functional–that may help to elucidate an analogue of the Donaldson-
Uhlembeck-Yau Theorem [9, 58] in the realm of higher gauge theory.
Very recently, as we had just completed the present work, two papers about
the Fu-Yau equations appeared [7, 49], which in particular imply a unique-
ness result for the Hull-Strominger system in the special case of Goldstein-
Prokushkin threefolds. While the main focus and methods are very different,
it would be interesting to investigate a connection with the general approach
to the uniqueness question proposed in this work.
1.1. Summary of results. Our first result is concerned with a mild gen-
eralization of the Hull-Strominger system. Let G be a reductive semisimple
complex Lie group. Let P be a holomophic principal G-bundle over a compact
complex manifold X with c1(X) = 0. We say that a triple (Ψ, ω, h), given by
an SU(n)-structure (Ψ, ω) on X and a reduction h of P to a maximal compact
subgroup K ⊂ G, is a solution of the twisted Hull-Strominger system if
Fh ∧ ωn−1 = 0,
dΨ− θω ∧Ψ = 0,
dθω = 0,
ddcω − c(Fh ∧ Fh) = 0.
(1.1)
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Here θω := Jd
∗ω is the Lee form of ω and c is a bi-invariant symmetric bilinear
form on the Lie algebra of G. The existence of solutions implies that the
associated first Pontryagin class vanishes in Bott-Chern cohomology
p1(P ) = 0 ∈ H2,2BC(X).
Motivation for the twisted Hull-Strominger system (1.1) comes from spin ge-
ometry, generalized geometry (see Section 2.1), and also from physics [21]. The
Hull-Strominger system is recovered from (1.1) when the cohomology class of
the Lee form ℓX = [θω] ∈ H1(X,R) vanishes (see Proposition 2.5). Key to
our development is that, unlike the Hull-Strominger system, when ℓX 6= 0 the
twisted equations (1.1) have solutions on compact complex manifolds that are
not balanced. To see this, in Proposition 2.11 and Proposition 2.17 we classify
the compact complex surfaces that admit a solution, and in Section 2.4 we
find examples on compact complex threefolds with infinitely many topological
types and ℓX 6= 0 (cf. [12]).
Our first objective is to understand the uniqueness question for (1.1) in the
simplest possible non-trivial situation, namely, when G = {1} and X is a
complex surface. The twisted equations (1.1) admit non-Ka¨hler solutions even
in this case, such as quaternionic Hopf surfaces (see Proposition 2.11). Given
a solution (Ψ, ω) with G = {1}, the hermitian form ω is pluriclosed, that is,
ddcω = 0, and it has an associated positive class in Aeppli cohomology
[ω] ∈ H1,1A (X,R).
The next result illustrates the necessity of using Aeppli classes in the uniqueness
problem.
Theorem 2.16. Assume that G = {1}. If a compact complex surface admits a
solution of the twisted Hull-Strominger system, then it admits a unique solution
(Ψ, ω) on each positive Aeppli class, up to rescaling of Ψ by a unitary complex
number.
In order to generalize Theorem 2.16 to the cases of higher dimensional mani-
folds or non-trivial G, we find two main obstacles. Firstly, the proof is based on
a classification of the solutions of (1.1) for G = {1} in Proposition 2.11, com-
bining some known facts about Einstein-Weyl manifolds [26] and quaternionic
manifolds [37] in real dimension 4. Thus, even when G = {1}, our methods do
not apply in three complex dimensions or higher (see Section 2.4). Secondly,
when G 6= {1} a solution of the (twisted) Hull-Strominger system does not
define an Aeppli class on X . Therefore, a priori, it is unclear how to formulate
and analogue of Theorem 2.16 in this case.
To overcome these difficulties, we change our perspective on the equations
and propose to consider them in a higher version of the Atiyah algebroid of
P . For this, inspired by Bott-Chern theory [3], in Section 3 we introduce a
special class of holomorphic Courant algebroids Q, which we call Bott-Chern
algebroids (see Definition 3.8), and study hermitian metrics on them (see Def-
inition 3.15). Upon a choice of holomophic bundle P over X , the Bott-Chern
algebroids are classified (see Proposition 3.9) by the image of the linear map
∂ : H1,1A (X,R)→ H1(Ω6•) (1.2)
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induced by the ∂-operator on (1, 1)-forms, where H1(Ω6•) denotes the space
of isomorphism classes of exact holomorphic Courant algebroids on X [29].
In Proposition 3.6 we show that any solution of the twisted Hull-Strominger
system (1.1) determines a Bott-Chern algebroid Q endowed with a hermitian
metric satisfying natural equations (see (4.1)). This leads us to define an affine
space of (real) Aeppli classes ΣQ(R) on Q in Section 3.3, modelled on the kernel
of (1.2), and to associate an Aeppli class to any hermitian metric. A crucial
ingredient in our construction is the cocycle property of Donaldson’s secondary
holomorphic characteristic class [9]
R(h1, h0) ∈ Ω1,1/ Im(∂ ⊕ ∂¯)
for pairs of reductions h1, h0 on a bundle.
With this new framework at hand, in Section 4.2 we introduce new tools
to address the existence and uniqueness problem for the Hull-Strominger sys-
tem, which is recovered from (1.1) when ℓX = 0. Analogously to the rela-
tion between Calabi-Yau metrics and solutions to the complex Monge-Ampe`re
equation ωn/n! = µ in Ka¨hler geometry, we observe that the Hull-Strominger
system is a particular example of a family of more flexible equations, formu-
lated on a compact complex manifold X endowed with a smooth volume form
µ and a Bott-Chern algebroid Q.
Following a variational principle, we define a functional M on the space of
metrics on Q, which we call the dilaton functional, given by the L1-norm of
µ. Upon restriction to the space B+σ of metrics on Q with fixed Aeppli class
σ ∈ ΣQ(R), the Euler-Lagrange equations for M define a system of partial
differential equations (4.9) which we call the Calabi System. When X ad-
mits a holomorphic volume form, the Calabi system is equivalent to the Hull-
Strominger system (see Proposition 4.7). In a sense, the Calabi system gives
an extension of the complex Monge-Ampe`re equation to holomorphic Courant
algebroids (see Proposition 4.12), which we expect will provide new insight on
the existence problem for the Hull-Strominger system.
The dilaton functional M has some remarkable properties. It is bounded
from below, and concave along suitable paths on the space of metrics on Q
with fixed Aeppli class (see Corollary 4.9). These special paths, given by (4.13),
are reminiscent of the geodesics in the space of metrics in a fixed Ka¨hler class,
which play an important role in the constant scalar curvature problem in Ka¨hler
geometry (see e.g. [10]). Using the concavity properties of the functional we
prove the following.
Proposition 4.10. If (ω0, h0) and (ω1, h1) are two solutions of the Calabi
system in the same Aeppli class which can be joined by a solution (ωt, ht) of
(4.13) which depends analytically on t, then ω1 = kω0 for some constant k and
h1 is related to h0 by an automorphism of P . Furthermore, when dω0 6= 0, we
must have k = 1.
It is therefore natural to expect that the dilaton functional and the Dirichlet
problem for the PDE (4.13) are important gadgets in the theory for the Hull-
Strominger system. Expanding upon the method of Proposition 4.10, using
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the dilaton functional and the special features of the path (4.13) in complex
dimension two (see Remark 4.11) we prove the following.
Theorem 4.13. Let X be a compact complex surface endowed with an exact
Bott-Chern algebroid Q. There is at most one solution of the Calabi system
in a positive Aeppli class σ ∈ ΣQ(R) on Q. Furthermore, if such a solution
exists, the dilaton functional M is bounded from above on B+σ .
By Definition 3.2, the hypothesis that Q is exact is equivalent to the con-
dition G = {1} for the principal bundle P . Consequently, in the setup of
holomorphic Courant algebroids, Theorem 2.16 can be stated as follows: if Q
is exact, there is at most one solution of the twisted Hull-Strominger system on
each positive Aeppli class. We expect that this uniqueness result holds for the
equations (1.1) on arbitrary Bott-Chern algebroids. In this generality, we also
expect that the boundedness of the dilaton functional is closely related to the
existence of solutions of the Calabi system, and in Section 4.3 we give some
evidence in this direction. It is interesting to notice that, when Q is exact,
the functional M can be formulated in an arbitrary strong Ka¨hler with torsion
manifold, and it has a critical point if and only if the manifold is Ka¨hler (see
Section 4.3).
Section 5 is devoted to study the linear theory for the twisted Hull-Strominger
system and the Calabi system on a Bott-Chern algebroid Q, showing that the
linearization of the equations restricted to an Aeppli class (4.3) induces a Fred-
holm operator. For the case of the Calabi system we prove that this operator
has index zero and provide a Fredholm alternative: either it has a non-trivial
finite-dimensional kernel, or it is invertible. As an application, we study the
existence of solutions under deformations of (X,Q). To state our next result,
we use that there is an inclusion (see Remark 5.1)
Ker d ⊂ (LieAutQ)∗ ⊂ KerL, (1.3)
where L (see (5.15)) denotes the linearization of the Calabi system, (LieAutQ)∗
is a Lie subalgebra of the infinitesimal automorphisms of Q, and d : Ω1 → Ω2 is
the exterior differential acting on forms. We denote by (Ker d)⊥ the orthogonal
complement of Ker d in the domain of L (for the L2 metric induced by a given
solution of the Calabi system).
Theorem 5.9. Assume that (X,Q) admits a solution of the Calabi system
with Aeppli class σ, such that (Ker d)⊥ ∩ KerL vanishes. Let (Xt, Qt)t∈B
be a Bott-Chern deformation of (X,Q) such that h1,1A (Xt) and h
2,2
BC(Xt) are
constant. Then, for any t small enough, (Xt, Qt) admits a differentiable family
of solutions, parametrized by an open set in ΣQt(R).
In particular, when the deformation is trivial, we prove that nearby solutions
are parametrized by a small neighbourhood U ⊂ ΣQ(R) of σ (see Remark 5.11).
This gives another evidence for the proposed extension of Yau’s theorem for
pairs (X,Q) using our notion of Aeppli classes. It is interesting to notice that,
if we fix (X,P ) and let Q and σ vary, the expected overall dimension of the
space of nearby solutions is
dim Im ∂ + dim ker ∂ = dimH1,1A (X,R), (1.4)
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where ∂ is as in (1.2). A precursor of this observation can be found in [56]. The
first contribution in (1.4) has to be understood as the number of deformations
of Q, while the latter corresponds to the dimension of ΣQ(R). Remarkably,
(1.4) matches the number of solutions of the Hull-Strominger system in the nil-
manifold h3 found in [13], regarded as solutions of the twisted Hull-Strominger
system (see Remark 5.12). If X is a ∂∂¯-manifold, h1,1A (Xt) and h
2,2
BC(Xt) are
constant and any small complex deformation of (X,P ) induces a unique Bott-
Chern deformation of (X,Q) (see Lemma 5.13) admitting a family of solutions
of dimension h1,1
R
(X).
To conclude, in Section 5.3 we study sufficient conditions for the vanishing of
(Ker d)⊥∩KerL. We use this analysis in Corollary 5.18 to provide a large class
of solutions of the Calabi system on Ka¨hler manifolds via deformation. Even
though we have not been able to prove it in general, when the ∂∂¯-Lemma is
satisfied we expect an equality (LieAutQ)∗ = KerL in (1.3). A confirmation
of this expectation would reduce the problem of deformation of solutions of the
Calabi system to algebraic geometry.
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2. The twisted Hull-Strominger system
2.1. Definition and basic properties. Let X be a compact complex mani-
fold of dimension n with vanishing first Chern class
c1(X) = 0 ∈ H2(X,Z).
Given a hermitian form ω on X we denote by g = ω(·, J ·) the induced rie-
mannian metric and by
θω = Jd
∗ω (2.1)
the associated Lee form, where J is the integrable almost complex structure on
the smooth manifold underlying X . Alternatively, the Lee form is the unique
real one-form θω on X satisfying
dωn−1 = θω ∧ ωn−1. (2.2)
Let Ψ be a section of the canonical bundleKX and consider the smooth function
‖Ψ‖ω on X given by the point-wise norm of Ψ, defined by
‖Ψ‖2ω
ωn
n!
= (−1)n(n−1)2 inΨ ∧Ψ.
An SU(n)-structure on X is given by a pair (Ψ, ω) as before, such that
‖Ψ‖ω = 1. (2.3)
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Let G be a complex reductive Lie group with Lie algebra g. For simplicity,
we will assume that G is semisimple. Our discussion can be generalized to
the general reductive case by introducing a character. Let p : P → X be a
holomorphic principal G-bundle. Given a maximal compact subgroup K ⊂ G,
a reduction h ∈ Ω0(P/K) of the structure group of P determines a Chern
connection θh, with curvature Fh := Fθh satisfying
F 0,2h = 0.
We fix a non-degenerate bi-invariant symmetric bilinear form
c : g⊗ g→ C (2.4)
such that the induced bilinear form on the Lie algebra k of K is real valued,
that is,
c(k⊗ k) ⊂ R (2.5)
(see (2.11) below for a concrete example). By Chern-Weil theory, the form c
defines a Pontryagin class in the real Bott-Chern cohomology of X given by
p1(P ) = [c(Fh ∧ Fh)] ∈ H2,2BC(X,R)
for any choice of reduction h. Here, the Bott-Chern cohomology groups of X
are defined by
Hp,qBC(X) =
Ker(d : Ωp,q → Ωp+1,q ⊕ Ωp,q+1)
Im(ddc : Ωp−1,q−1 → Ωp,q) . (2.6)
Note that Hp,pBC(X) has a natural real structure. We will assume that
p1(P ) = 0 ∈ H2,2BC(X,R). (2.7)
Definition 2.1. We say that a triple (Ψ, ω, h), given by an SU(n)-structure
(Ψ, ω) on X and a reduction h of the structure group of P to K, is a solution
of the twisted Hull-Strominger system if
Fh ∧ ωn−1 = 0,
dΨ− θω ∧Ψ = 0,
dθω = 0,
ddcω − c(Fh ∧ Fh) = 0.
(2.8)
Motivation for this definition comes from generalized geometry [31]. A so-
lution of the last equation in (2.8) determines a smooth (string) Courant al-
gebroid E and, in this setup, the twisted Hull-Strominger system corresponds
to a special class of solutions of the Killing spinor equations in [18, 19] (see
[21]). The main focus of this paper is on the interplay between the existence
and uniqueness problem for the twisted Hull-Strominger system (2.8) and a
holomorphic version of the string algebroid E introduced in [20] (see Definition
3.2).
We start our study of (2.8) discussing some obstructions to the existence of
solutions. By the Buchdahl-Li-Yau Theorem [5, 41] for the Hermite-Einstein
equation (corresponding to the first equation in (2.8)), if (X,P ) admits a so-
lution then the holomorphic bundle P must be polystable with respect to the
unique Gauduchon metric ω˜ in the conformal class of ω. In addition, the third
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equation in (2.8) combined with (2.2) implies that X is a locally conformally
balanced manifold. Alternatively, the existence of solutions of (2.8) implies
that X must admit a Gauduchon metric with harmonic Lee form.
Given a solution of (2.8), consider the cohomology class of the Lee form
[θω] ∈ H1(X,R).
We show next that [θω] is an invariant of the complex structure on X , using
that any solution of (2.8) provides, in particular, a solution of
dΨ− θω ∧Ψ = 0, dθω = 0. (2.9)
For this, we do not require the normalization (2.3).
Lemma 2.2. Let X be a compact complex manifold with c1(X) = 0. Then
there exists at most one cohomology class
ℓX ∈ H1(X,R),
uniquely determined by the complex structure on X, such that [θω] = ℓX for
any pair (Ψ, ω) solving (2.9), where Ψ is a non-vanishing section of KX and
ω is a hermitian form on X.
Proof. Let (Ψ, ω) and (Ψ′, ω′) be two solutions of (2.9). Since Ψ and Ψ′ are
non-vanishing, there exists f : X → C a smooth function such that Ψ′ = efΨ
and thus
dΨ′ = (θω + df) ∧Ψ′ = θω′ ∧Ψ′,
so we conclude that θω′ = θω + ∂¯f + ∂f . Using now that dθω′ = dθω = 0, we
obtain
ddc(f − f) = 0,
and therefore Λωdd
c(f − f) = 0. By [43, Cor. 1.2.9], it follows that f − f is
constant and therefore θω′ = θω + d(f + f), as required. 
In the following result we analyze the condition (2.9) in terms of the holo-
nomy of the Bismut connection
∇+ = ∇g − 1
2
g−1dcω
of the hermitian form ω. It will be clear from the proof that the normalization
(2.3) is crucial here.
Lemma 2.3. If an SU(n)-structure (Ψ, ω) on X satisfies (2.9), then the holo-
nomy of the Bismut connection ∇+ is contained in SU(n).
Proof. By the holonomy principle it is enough to prove that ∇+Ψ = 0. Using
that θω is closed, given any point x ∈ X there exists a smooth local function
φ such that
θω = dφ
around x. Then, by the first equation in (2.9) Ω = e−φΨ is closed, and hence
it provides a holomorphic trivialization of KX around x. In this trivialization,
the Chern connection ∇C on KX induced by ω is given by (see (2.3))
∇C = d+ 2∂‖Ω‖ω = d− 2∂φ.
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The proof follows using Gauduchon’s formula [25, Eq. (2.7.6)] relating ∇C
with the connection induced by ∇+ on the canonical bundle
∇CΨ = ∇+Ψ+ id∗ω ⊗Ψ,
which implies ∇+Ψ = 0 around x. 
2.2. The case ℓX = 0 and the uniqueness question. An important mo-
tivation for the study of (2.8) is provided by the Hull-Strominger system of
partial differential equations [32, 55] (see [11, 17, 50] for recent reviews cov-
ering this topic). As we will see next, we recover the Hull-Strominger system
from (2.8) when the invariant ℓX in Lemma 2.2 vanishes.
Let (X,Ω) be a compact Calabi-Yau manifold of dimension n, that is, a
compact complex manifold X endowed with a holomorphic volume form Ω.
Let P be a holomorphic principal G-bundle on X satisfying (2.7). As in the
previous section, K ⊂ G denotes a maximal compact subgroup.
Definition 2.4. We say that (ω, h), given by a hermitian form ω on (X,Ω)
and a reduction h of P to K, is a solution of the Hull-Strominger system if
Fh ∧ ωn−1 = 0,
d∗ω − dc log ‖Ω‖ω = 0,
ddcω − c(Fh ∧ Fh) = 0.
(2.10)
In the original formulation of the Hull-Strominger system in physics [32, 55],
the Calabi-Yau manifold (X,Ω) is endowed with a rank r holomorphic vector
bundle V with trivial determinant and P is the fibred product of the bundles
of holomorphic frames of TX and V , so that
G = SL(n,C)× SL(r,C).
The bi-invariant symmetric bilinear form c in g is then given by
c = α trsl(n,C)−α trsl(r,C), (2.11)
for a positive real constant α > 0. In this setup, a difference between Definition
2.4 and other definitions in the literature (see e.g. [42]) is that we require the
connection ∇ in the tangent bundle (so that θh = ∇ × A in (2.10)) to solve
the Hermite-Einstein equation (see [17] for a lengthy discussion about this
condition). Nonetheless, we expect that most of our methods extend to the
situation considered in [42].
For the next result, we do not assume that X is Calabi-Yau.
Proposition 2.5. Let X be a compact complex manifold with c1(X) = 0.
Suppose that (X,P ) admits a solution (Ψ, ω, h) of (2.8) and that ℓX = 0.
Then, if θω = dφ, we have that Ω = e
−φΨ is a holomorphic volume form on
X and (ω, h) is a solution of the Hull-Strominger system (2.10). Conversely,
if Ω is a holomorphic volume form on X and (ω, h) is a solution of (2.10) on
(X,P ), then (‖Ω‖−1ω Ω, ω, h) is a solution of (2.8) with ℓX = 0.
Proof. For the ‘if part’, note first that Ω = e−φΨ is closed, and hence defines a
holomorphic volume form on X :
dΩ = −dφ ∧ Ω + e−φdΨ = (−dφ+ θω) ∧ Ω = 0.
10 M. GARCIA-FERNANDEZ, R. RUBIO, C. S. SHAHBAZI, AND C. TIPLER
Using now equation (2.3), we have
1 = ‖Ψ‖ω = eφ‖Ω‖ω,
and therefore d∗ω = −Jθω = dc log ‖Ω‖ω as required. The converse follows by
taking the exterior differential of ‖Ω‖−1ω Ω, combined with the second equation
in (2.10), which is equivalent to θω = −d log ‖Ω‖ω. 
By the previous result, the vanishing of the invariant ℓX in Lemma 2.2
implies that the complex manifold X has holomorphically trivial canonical
bundle KX ∼= OX and that it is balanced [44]. Recall that X is called balanced
if there exists a hermitian form ω˜ on X such that dω˜n−1 = 0. The associated
class in real Bott-Chern cohomology [15]
τ = [ω˜n−1] ∈ Hn−1,n−1BC (X,R) (2.12)
is called the balanced class of ω˜. For a solution of the Hull-Strominger system
the balanced hermitian form is
ω˜ = ‖Ω‖
1
n−1
ω ω,
and the Buchdahl-Li-Yau Theorem [5, 41] for the Hermite-Einstein equation
states in this case that the bundle P must be polystable with respect to the
balanced class τ [43].
We can use Proposition 2.5 to find some first interesting families of solutions
of (2.8) by application of existence results for the Hull-Strominger system.
When G = {1}, the system (2.10) reduces to
d∗ω − dc log ‖Ω‖ω = 0,
ddcω = 0,
(2.13)
which is equivalent to the metric g = ω(·, J ·) being Calabi-Yau, that is, with
holonomy of the Levi-Civita connection contained in SU(n) [35, Cor. 4.7] (see
also [19]). Thus, in this case X must be Ka¨hler and, by Yau’s solution of the
Calabi Conjecture [60], the solutions of (2.13) are parametrized by the cone of
Ka¨hler classes in H2(X,R).
When G 6= {1}, following [17] the solutions have a very different flavour
depending on whether the complex dimension n of the Calabi-Yau is one, two,
or higher. For n = 1, any hermitian metric is Ka¨hler, and the solutions of (2.10)
are parametrized by a Ka¨hler class on an elliptic curve X—corresponding to
a flat metric on X—and a polystable bundle over X . For n = 2, the solutions
of (2.10) are given, up to conformal rescaling of the hermitian form ω, by a
Calabi-Yau metric g˜ on X and a holomorphic bundle over X satisfying (2.7),
which is polystable with respect to the Ka¨hler class of g˜ in H2(X,R) (see
Section 2.3). In complex dimension three or higher the theory goes beyond the
realm of Ka¨hler geometry and the examples become more scarce. We refer to
[17] for a detailed discussion about this case.
Remark 2.6. Any Calabi-Yau metric g can be regarded as a solution of (2.10)
with G = SL(n,C) × SL(n,C) by considering θh to be the reducible connec-
tion given by the product of two copies of the Chern connection of g, on the
fibre product of two copies of the bundle of holomorphic frames of X . These
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particular examples, known as standard embedding solutions in the literature,
will be studied in more detail in Section 5.3.
Despite the fact that there are recent new constructions of solutions of the
Hull-Strominger system for n = 3, to the present day the existence problem in
this critical dimension is widely open. The following conjecture by S.-T. Yau
is one of the main open problems in this topic [61]. Even though the original
conjecture is formulated in the language of holomophic vector bundles, for
our convenience we state here a straightforward generalization to the case of
principal bundles adapted to Definition 2.4.
Conjecture 2.7 (Yau [61]). Let (X,Ω) be a compact Calabi-Yau threefold
endowed with a balanced class τ . Let P be a holomorphic principal bundle over
X satisfying (2.7). If P is polystable with respect to τ , then (X,Ω, P ) admits
a solution of the Hull-Strominger system.
Conjecture 2.7 is not completely understood even for Ka¨hler manifolds. In
this setup, the main result in [17] provides a solution of Conjecture 2.7 for
balanced classes of the form τ = [ω′]2, where [ω′] ∈ H2(X,R) is a Ka¨hler class
on X . We note, however, that there are algebraic Calabi-Yau threefolds which
admit balanced classes that are not the square of Ka¨hler classes [15].
In contrast to the existence problem for the Hull-Strominger system, which
has become recently an active topic of research, the uniqueness problem for
these equations is largely unexplored. As a matter of fact, Conjecture 2.7 does
not give any information about the amount of solutions that (X,Ω, P ) may
admit. In the light of Yau’s solution of the Calabi Conjecture [60], it is natural
to ask the following question for the more general twisted Hull-Strominger
system (2.8).
Question 2.8. If (X,P ) admits a solution of the twisted Hull-Strominger system
(2.8), which cohomological quantities parametrize the possible solutions?
A complete answer in the case G = {1} and ℓX = 0 is given by Yau’s
Theorem [60], which states that any Ka¨hler class on a Calabi-Yau manifold
admits a unique Ka¨hler Ricci-flat metric. When G 6= {1}, a classical approach
to Question 2.8 in the case ℓX = 0, that is, for the Hull-Strominger system
(2.10), may be to fix the balanced class (2.12) of the solution predicted by
Conjecture 2.7 to be τ . Thus, the expected answer in this approach would
be the elements of the balanced cone of X [15]. This is, for instance, the
path followed in [48] using geometric flows. In the present paper we propose a
radically different answer to this question for the more general equations (2.8),
combining the Aeppli cohomology of X with holomorphic Courant algebroids.
2.3. Complex surfaces and Aeppli classes. In this section we give evidence
of an extension of Yau’s Theorem for Calabi-Yau metrics [60] to the twisted
Hull-Strominger system (2.8) in the case of complex surfaces, where the role of
Ka¨hler classes is played by Aeppli cohomology classes. Even though this case
is rather special, it provides the starting point of our approach to Question 2.8
in higher dimensions, and illustrates the interplay between this problem and
Conjecture 2.7.
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Let X be a compact complex surface with c1(X) = 0. We consider first the
twisted Hull-Strominger system (2.8) with G = {1}, given by
dΨ− θω ∧Ψ = 0,
dθω = 0,
ddcω = 0.
(2.14)
Our first goal is to provide a classification of the solutions of (2.14), combining
some known facts about Einstein-Weyl manifolds [26] and quaternionic mani-
folds [37] in real dimension 4. We start by showing that any solution of (2.14)
is Einstein-Weyl. Recall that a Weyl structure with respect to a conformal
class [g] on a smooth manifold M is defined as a torsion-free connection on
TM , preserving [g]. A Weyl structure is said to be Einstein if the associated
Ricci tensor is a multiple of any metric in [g].
Lemma 2.9. If (Ψ, ω) is a solution of (2.14) on a complex surface then g =
ω(·, J ·) is Einstein-Weyl.
Proof. Consider the universal cover X˜ ofX and the pull-back solution (Ψ˜, ω˜) of
(2.14). On X˜ we have that θω = dφ for a globally defined function and there-
fore, by the proof of Lemma 2.3 and (2.2), it follows that e−φg˜ has holonomy
contained in SU(2) (as it is Ka¨hler, and the Levi-Civita connection preserves
e−φΨ). In particular, e−φg˜ is Ricci-flat, and therefore g is Einstein-Weyl. 
Remark 2.10. The proof uses crucially that a solution of (2.14) on a complex
surface is locally conformally Ka¨hler, that is,
dθω = 0, dω = θω ∧ ω.
In higher dimensions, the same argument shows that a solution of (2.14) which
is locally conformally Ka¨hler, is necessarily Einstein-Weyl. This class of man-
ifolds provides an interesting class of candidates for solutions of (2.14).
We are interested in compact Einstein-Weyl four-manifolds (M, g) which ad-
mit a compatible (integrable) complex structure J . In this situation, Einstein-
Weyl metrics are classified [26, Thm. 3]: either (M, g, J) is a flat torus or a
K3 surface with a Ka¨hler Ricci-flat metric, or (M,J) is a Hopf surface and
g is locally isometric up to homothety to S3 × R (with the standard product
metric). Note that in the last case the metric is Vaisman [26], that is, locally
conformally Ka¨hler and with Lee form parallel with respect to the Levi-Civita
connection.
To state our classification result for solutions of the equations (2.14), we
recall some background. A Hopf surface is a compact complex surface whose
universal covering is C2\ {0}. The fundamental group Γ of a Hopf surface X
which admits a Vaisman metric is of the form [2]
Γ = 〈γ〉⋉H, (2.15)
whereH is a finite subgroup of U(2) and 〈γ〉 is an infinite cyclic group generated
by a biholomorphic contraction which, in suitable coordinates in the universal
covering, takes the form
γ(z1, z2) = (αz1, βz2), (2.16)
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where α, β are complex numbers such that 1 < |β| ≤ |α|. By the classifica-
tion in [37], a quaternionic Hopf surface is a Hopf surface (C2\ {0})/Γ with
fundamental group Γ = 〈γ〉 ⋉ H conjugated to a subgroup of SU(2) × R∗.
Equivalently, in suitable coordinates in C2\ {0}, H ⊂ SU(2) and
1 < |α| = |β|, and αβ ∈ R. (2.17)
Proposition 2.11. Let X be a compact complex surface. If (Ψ, ω) is a solution
of (2.14) on X with g = ω(·, J ·), then one of the following holds:
i) (X, g) is a flat torus or a K3 surface with a Ka¨hler Ricci-flat metric. In
this case ℓX = 0 and any such (X, g) provides a solution.
ii) X is a quaternionic Hopf surface and there exist coordinates (z1, z2) in the
universal covering C2\ {0} such that the pull-backs of ω and Ψ are
ω˜ = ai
dz1 ∧ dz¯1 + dz2 ∧ dz¯2
|z|2 , Ψ˜ = λ
dz1 ∧ dz2
|z|2 , (2.18)
respectively, for |z|2 = |z1|2 + |z2|2 and suitable a ∈ R>0 and λ ∈ C∗. In
this case ℓX 6= 0 and any (Ψ˜, ω˜) as in (2.18) induces a solution.
Proof. If ℓX = 0 then ω is Ka¨hler (see Section 2.2), and therefore g = ω(·, J ·) is
a Calabi-Yau metric by Lemma 2.3. Thus, X must be a torus or a K3 surface.
Conversely, any Ka¨hler Ricci-flat metric on a torus or a K3 surface provides a
solution of (2.14), and in this case ℓX = 0 by Lemma 2.2.
By the classification in [26, Thm. 3] and Lemma 2.9, it remains to under-
stand the case when X is a Hopf surface. The second Betti number of a Hopf
surface vanishes, and therefore ℓX 6= 0, as X does not admit any Ka¨hler metric.
Since g is locally isometric to S3 × R, one requires [24, Lemme 11]
1 < |β| = |α|,
and in this case ω˜ is homothetic to the hermitian form
ω0 = i
dz1 ∧ dz¯1 + dz2 ∧ dz¯2
|z|2 ,
with Lee form
θ0 = d log |z|2 = z
1dz¯1 + z2dz¯2 + c.c.
|z|2 ,
where c.c. stands for complex conjugate. Define
Ψ0 =
dz1 ∧ dz2
|z|2 .
It is straightforward to check that (Ψ0, ω0) provides a solution of (2.14) on
C2\ {0} and thus, by Lemma 2.3, Ψ˜ and Ψ0 are both parallel with respect to
the Bismut connection of ω˜. This implies that (Ψ˜, ω˜) is of the form (2.18)
and, since g is Vaisman, the fundamental group Γ of X is as in (2.15). Using
that Γ preserves (2.18) we necessarily have that (2.17) holds and furthermore
H ⊂ SU(2). Thus, we conclude that X is quaternionic. For the converse, we
simply note that (Ψ0, ω0) is preserved by Γ when X is a quaternionic Hopf
surface. 
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Remark 2.12. A quaternionic 4-manifold is a smooth manifold of real dimen-
sion 4 with an atlas formed by quaternionic maps with respect to the standard
quaternionic structure on H ∼= R4. Compact quaternionic 4-manifolds were
classified by Kato [37], and they are given by complex analytic tori or quater-
nionic Hopf surfaces. The possible finite subgroups H ⊂ SU(2) which appear
in the fundamental group (see (2.15)) of a quaternionic Hopf surface are listed
in [37, Prop. 8] (see also [38]). In particular, any quaternionic 4-manifold is
hypercomplex.
Remark 2.13. Hopf surfaces have a characteristic ‘jumping behaviour’ under
deformations of the complex structure, which rules out even a non-separable
moduli space for the class of all Hopf surfaces [8, Sec. 6]. A primary Hopf
surface–that is, with fundamental group Γ ∼= Z given by (2.16)–which admits
a solution of (2.14) has necessarily deg(X) = 0 [8], and hence the existence
of solutions obstructs the possible jumps. This remarkable property of (2.14)
is a characteristic feature of partial differential equations with a moment map
interpretation (see e.g. [43]), and it would be interesting to see if this system
allows for such an interpretation.
Remark 2.14. When X is a primary Hopf surface of class I and αβ = |αβ|
is satisfied, the Vaisman metric ωα,β constructed in [27, Sec. 2] jointly with
the (2, 0)-form Ψα,β = Φ
−1
α,βdz1 ∧ dz2 provide a solution of (2.14). However,
‖Ψα,β‖ωα,β is not constant unless condition (2.17) holds, and therefore in general
Lemma 2.3 does not apply. By Lemma 2.2, any primary Hopf surface of class
I has a well-defined invariant ℓX ∈ H1(X,R).
The previous result can be used now as a guide to address Question 2.8.
Recall that a Hopf surface does not admit any Ka¨hler metric. Consequently,
Proposition 2.11 shows that, already in the case of complex surfaces, the bal-
anced cone of X cannot be used to parametrize the solutions of (2.8) (note that
Ka¨hler and balanced are equivalent conditions in this case). Furthermore, by
Proposition 2.11 a solution of (2.14) with ℓX 6= 0 is Vaisman [26], and hence all
the Morse-Novikov cohomology groups Hkθω(X) vanish [40]. Therefore, H
2
θω
(X)
(and its Bott-Chern analogue [46]) is also ruled out as a a potential answer to
Question 2.8 (see Remark 2.10). On the other hand, given a solution (Ψ, ω)
of (2.14) the hermitian form ω is pluriclosed, that is, ddcω = 0, and it has an
associated real class in Aeppli cohomology
[ω] ∈ H1,1A (X,R),
where the Aeppli cohomology groups of X are defined by (note that Hp,pA (X)
has a natural real structure)
Hp,qA (X) =
Ker(ddc : Ωp,q → Ωp+1,q+1)
Im(∂ ⊕ ∂¯ : Ωp,q−1 ⊕ Ωp−1,q → Ωp,q) .
Motivated by Proposition 2.11, we propose the following specialization of Ques-
tion 2.8 for the system (2.14). Recall that a real Aeppli class in H1,1A (X) is
called positive if it is represented by a pluriclosed hermitian form.
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Question 2.15. Let X be a compact complex manifold with c1(X) = 0. If X
admits a solution of (2.14), is there a unique solution for each positive Aeppli
class in H1,1A (X,R)?
We are now ready to prove the main result of this section, which provides
an affirmative answer to Question 2.15 in complex dimension 2.
Theorem 2.16. If a compact complex surface X admits a solution of (2.14),
then it admits a unique solution (Ψ, ω) on each positive Aeppli class, up to
rescaling of Ψ by a unitary complex number.
Proof. When ℓX = 0, X is Ka¨hler and therefore H
1,1
A (X)
∼= H1,1(X), where
H1,1(X) is the (1, 1) Dolbeault cohomology group of X . Thus, the statement in
this case follows by Yau’s Theorem for Calabi-Yau metrics [60]. When ℓX 6= 0,
Proposition 2.11 implies that X is of class VII [37], and therefore H1,1A (X)
∼= C
by [1, Thm. 1.2]. Thus, the statement in this case follows by the explicit form
of the solutions in the universal covering of X , given by (2.18). 
To finish this section, we consider the case with arbitrary complex Lie group
G. For our analysis we use a special feature of (2.8) in complex dimension two,
namely, that the first three equations of the system are conformally invariant.
This follows easily from the behaviour of the Lee form θω and the norm ‖Ψ‖ω
under conformal rescaling, that is, if ω′ = efω for some smooth function f on
X , then
θω′ = θω + df, ‖Ψ‖ω′ = e−f‖Ψ‖ω.
Proposition 2.17. Let X be a compact complex surface with c1(X) = 0, en-
dowed with a holomorphic principal G-bundle P satisfying (2.7). Then, (X,P )
admits a solution of the twisted Hull-Strominger system (2.8) if and only if X
admits a solution (Ψ, ω) of (2.14) such that P is polystable with respect to ω.
Proof. For the ‘if part’, note that P admits a reduction h satisfying the Hermite-
Einstein equation Fh ∧ ω = 0. By the conformal invariance of the first three
equations of the system it is enough to find a smooth real function f on X
such that
ddc(efω) = c(Fh ∧ Fh).
The existence of this function is implied by [43, Lemma 1.2.6]. Similarly, the
‘only if part’ follows from the existence of a Gauduchon metric in the conformal
class of the hermitian form solving (2.8) [23]. 
Example 2.18. For a quaternionic diagonal Hopf surface–that is, with funda-
mental group generated by (2.16), with α = β and αβ ∈ R–, the moduli space
of stable SL(2,C)× SL(2,C)-bundles with second Chern class c2 = n1 + n2 is
non-empty and has complex dimension 4(n1+n2) [45] (note that a quaternionic
Hopf surface is hypercomplex, by Remark 2.12). Taking the bilinear form (2.4)
on g = sl(2,C)⊕ sl(2,C) to be c = −n2 tr+n1 tr, for − tr the Killing form on
sl(2,C), any point in the moduli space provides a polystable bundle satisfying
(2.7), and hence fulfilling the hypothesis of Proposition 2.17.
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Combined with Proposition 2.11, the previous result provides a complete
characterization of the complex surfaces which may admit a solution. In a
sense, Proposition 2.17 can be regarded as a solution of an analogue of Con-
jecture 2.7 for the twisted Hull-Strominger system in complex dimension two.
On the contrary, Question 2.8 seems to be more delicate. In the proof of the
previous result we can choose a normalization for the Gauduchon metric ω˜ in
the conformal class of a solution (Ψ, ω, h) of (2.8) by fixing the volume∫
X
ω˜2 =
∫
X
ω2, (2.19)
in order to associate an Aeppli class [ω˜] ∈ H1,1A (X,R) to a given solution.
However, the Aeppli classes which are achieved via this procedure seem to
depend in a subtle way on the holomorphic bundle P .
2.4. Examples on compact threefolds. This section is devoted to discuss
some non-trivial examples of solutions of the twisted Hull-Strominger system
with ℓX 6= 0 on compact threefolds. Our analysis further illustrates the fact
that the theory for the equations (2.8) is richer than the theory for the Hull-
Strominger system. In complex dimension three or higher the conformal in-
variance of the first three equations in (2.8) is lost, and there seems to be no
analogue of the proof of Proposition 2.17. Motivated by this, in Section 3 we
will introduce a notion of Aeppli class associated to a general solution of the
twisted Hull-Strominger system, by means of a special class of holomorphic
Courant algebroids introduced in [20].
Our first family of examples builds on a construction in [59], and corresponds
to solutions of the twisted Hull-Strominger system (2.8) with G = {1} (see
(2.14)) on a class of non-Ka¨hler complex manifolds diffeomorphic to S3 × T 3.
Consider the non-compact threefold
X˜ = (C2\{0})× C ∼= SU(2)× R3,
endowed with the solution of (2.14) given by the product of (2.18) with the
flat Calabi-Yau metric and holomorphic volume form on C. Consider the ho-
momorphism ρ : Z3 → SU(2) defined by
ρ(1, 0, 0) = A,
ρ(0, 1, 0) = (cosα)Id + (sinα)A,
ρ(0, 0, 1) = (cos β)Id + (sin β)A,
where α, β are real numbers and
A =
1√
2
(
i 1
−1 −i
)
.
Using ρ, the abelian group Z3 acts by left translations on X˜ ∼= SU(2) × R3
preserving the solution of (2.14) (see Section 4.3), and therefore the compact
threefold X = X˜/Z3 also carries a solution. For generic choices of (α, β), any
finite unbranched cover of X cannot be the product of a Hopf surface and an
elliptic curve. In particular, X is neither an elliptic fibration over a Hopf surface
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nor a Hopf surface fibration over an elliptic curve. Since X is a non-Ka¨hler
manifold, we necessarily have ℓX 6= 0 (see Section 2.2).
Our second family of examples is based on Sasaki-Einstein geometry, and
relies on a construction in [34]. Let M5 be a Sasaki-Einstein manifold of di-
mension five and define
M˜6 =M5 × R.
Denote by t a choice of coordinate on R. Given a Tanno deformation of the
Sasaki-Einstein structure, M˜6 carries a natural SU(3) structure (Ψ, ω)–as in
[34, (7.54)]–, which is locally conformally Ka¨hler, whose Lee form is given by
dt, and whose Bismut connection ∇+ on TM˜6 satisfies the Hermite-Yang-Mills
equation
F∇+ ∧ ω2 = 0, F 0,2∇+ = 0,
and also ∇+Ψ = 0 (see [34, Section 7]). Furthermore, one has
ddcω =
3
8
trF∇+ ∧ F∇+.
By Lemma 2.3, we conclude that (Ψ, ω,∇+) provides a solution of (2.8) on M˜6
with G = SL(3,C) and P given by the bundle of complex frames of (M˜6,Ψ)
endowed with the non-standard holomorphic structure determined by (∇+)0,1.
This solution is invariant under the natural Z-action on M˜6, and therefore it
descends to a solution on M6 = M5×S1. Notice that ℓX 6= 0 by construction,
as it corresponds to the cohomology class induced by the Lee form on the S1-
factor. By well-known results in Sasaki-Einstein geometry, the topological type
of M5 can be taken to be ♯k(S
3 × S2) with k > 1, simply connected rational
homology spheres, including S5, and connected sums of mixed type (cf. [12]).
3. Bott-Chern algebroids: metrics and Aeppli classes.
3.1. Holomorphic string algebroids. In this section we show that any so-
lution of the twisted Hull-Strominger system (2.8) determines a holomorphic
Courant algebroid of string type, as defined and classified in [20]. We start by
recalling the basic definitions. Let X be a complex manifold of dimension n.
We denote by OX and C the sheaves of holomorphic functions and C-valued
locally constant functions on X , respectively.
Definition 3.1. A holomorphic Courant algebroid (Q, 〈·, ·〉, [·, ·], π) over X
consists of a holomorphic vector bundle Q → X , with sheaf of sections OQ,
together with a holomorphic non-degenerate symmetric bilinear form 〈·, ·〉, a
holomorphic vector bundle morphism π : Q→ TX , and an homomorphism of
sheaves of C-modules
[·, ·] : OQ ⊗C OQ → OX ,
satisfying the identities, for e, e′, e′′ ∈ OQ and φ ∈ OX ,
• [e, [e′, e′′]] = [[e, e′], e′′] + [e′, [e, e′′]],
• π([e, e′]) = [π(e), π(e′)],
• [e, φe′] = π(e)(φ)e′ + φ[e, e′],
• π(e)〈e′, e′′〉 = 〈[e, e′], e′′〉+ 〈e′, [e, e′′]〉,
• [e, e′] + [e′, e] = 2π∗d〈e, e′〉.
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A holomorphic Courant algebroid is called transitive when the anchor map
π : Q→ TX is surjective. In this case, the quotient
AQ = Q/(Ker π)
⊥
is a vector bundle which inherits a holomorphic Lie algebroid structure. Fur-
thermore, the holomorphic subbundle
adQ = Kerπ/(Ker π)
⊥ ⊂ AQ
inherits the structure of holomorphic bundle of quadratic Lie algebras.
We are interested in a particular class of transitive holomorphic Courant
algebroids introduced in [20]. Let G be a complex Lie group endowed with
an invariant symmetric bilinear form c : g ⊗ g → C on its Lie algebra, and
let p : P → X be a holomorphic principal G-bundle over X . The holomorphic
Atiyah Lie algebroid AP of P has underlying holomorphic bundle TP/G, whose
local sections are given by G-invariant holomorphic vector fields on P , anchor
map dp : TP/G → TX , and bracket induced by the Lie bracket on TP . The
holomorphic bundle of Lie algebras Ker dp ⊂ AP corresponds to the adjoint
bundle induced by the adjoint representation of G,
Ker dp ∼= adP = P ×G g,
and we have the short exact sequence of holomorphic Lie algebroids
0→ adP → AP → TX → 0.
Definition 3.2 ([20]). A string algebroid over X with structure group G and
pairing c is a tuple (Q,P, ρ) such that Q is a transitive holomorphic Courant
algebroidQ, P is a holomorphic principal G-bundle, and ρ is bracket-preserving
morphism fitting into a short exact sequence
0 // T ∗X // Q
ρ
// AP // 0, (3.1)
such that the induced map of holomorphic Lie algebroids ρ : AQ → AP is an
isomorphism restricting to an isomorphism adQ ∼= (adP, c).
An isomorphism of string algebroids is given by a commutative diagram
0 // T ∗X //
id

Q
ρ
//
ϕ

AP //
g

0
0 // T ∗X // Q′
ρ′
// AP ′ // 0
(3.2)
where ϕ : Q → Q′ is an isomorphism of holomorphic Courant algebroids and
g : AP → AP ′ is induced by an isomorphism of holomorphic principal bundles.
Given a string algebroid (Q,P, ρ) we will say that P is the underlying prin-
cipal bundle of Q. In the sequel, we will abuse of the notation and denote a
string algebroid simply by Q. Notice that, when G = {1}, a string algebroid
corresponds to an exact holomorphic Courant algebroid
0→ T ∗X → Q→ TX → 0.
For later use, we recall next that a suitable choice of a three-form H and a
connection θ produces a string algebroid (see [20, Prop. 2.4]).
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Example 3.3. Let P be a holomorphic principal G-bundle over X . We denote
by P the underlying smooth bundle, and consider the Atiyah Lie algebroid
A1,0 := TP 1,0/G with anchor πA : A
1,0 → T 1,0X . Let θ be a connection
on P such that F 0,2θ = 0 and that θ
0,1 induces P . Assume that there exists
H ∈ Ω3,0 ⊕ Ω2,1 such that dH + c(Fθ ∧ Fθ) = 0. Consider the smooth bundle
Q = A1,0 ⊕ (T 1,0X)∗,
whose sections are denoted by V + ξ and W +η. We endow Q with the pairing
〈V + ξ, V + ξ〉 = ξ(πAV ) + c(θV, θV ), (3.3)
the anchor map πQ(V + ξ) = πAV , and the bracket
[V + ξ,W + η] = [V,W ] + ∂iπAV η + iπAV ∂η − iπAW∂ξ + iπAV iπAWH3,0
+ 2c(∂θ(θV ), θW ) + 2c(iπAV F
2,0
θ , θW )− 2c(iπAWF 2,0θ , θV ).
Finally, using the holomorphic structures on X and A1,0, define the ∂¯-operator
∂¯Q(V + ξ) = ∂¯V + ∂¯ξ + iπAVH
2,1 + 2c(F 1,1θ , θV ).
Then, ∂¯2Q = 0 and the previous construction endows the sheaf of holomorphic
sections of (Q, ∂¯Q) with the structure of a string algebroid. Note that, in
particular, an element r + ξ ∈ Ker πQ is holomorphic if
∂¯Q(r + ξ) = ∂¯r + ∂¯ξ + 2c(F
1,1
θ , r) = 0. (3.4)
We recall next the classification of string algebroids obtained in [20]. In
the sequel, we will assume that G is a complex reductive Lie group with fixed
bilinear form c. Consider the elliptic complex (Ω6•, d) defined by
Ω6k = ⊕j6kΩj+2,k−j,
with the convention that Ωp,q = 0 if p < 0 or q < 0, and the usual exterior de
Rham differential
. . .
d
// Ω6k
d
// Ω6k+1
d
// . . .
Explicitly, for 0 6 k 6 2,
Ω60 = Ω2,0,
Ω61 = Ω3,0 ⊕ Ω2,1,
Ω62 = Ω4,0 ⊕ Ω3,1 ⊕ Ω2,2.
Then, [20, Cor. 3.7] states that there is an exact sequence of pointed sets
0 // H1(Ω6•)
ι
// H1(S)  // H1(OG)
p1
// H2(Ω6•), (3.5)
where H1(S) denotes the set of isomorphism classes of string algebroids with
structure group G and H1(OG) is the set of isomorphism classes of holomorphic
principal G-bundles on X . The map p1 is given by
p1([P ]) = [c(Fθ ∧ Fθ)] ∈ H2(Ω6•)
for any choice of connection θ on the smooth principal G-bundle P underlying
P , such that F 0,2θ = 0 and whose (0, 1)-part induces P .
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Definition 3.4 ([20]). Let P be a holomorphic principal G-bundle over X with
p1([P ]) = 0 ∈ H2(Ω6•). The set of holomorphic string classes on P is −1([P ]).
A holomorphic string class on P is therefore an isomorphism class of string
algebroids with underlying bundle P . Recall that the vector space H1(Ω6•)
in (3.5) classifies exact Courant algebroids on X up to isomorphism [29]. Re-
garded as an additive group, it acts transitively on −1([P ]). The next result
from [20] provides a classification a` la de Rham of the set of holomorphic string
classes on P and characterizes the isotropy of the H1(Ω6•)-action.
To state the result, denote by AP the space of connections on the underlying
smooth bundle P such that F 0,2θ = 0 and whose (0, 1)-part induces P . Denote
by GP the gauge group of P , given by automorphisms of P which project to the
identity on X . Given g ∈ GP and θ ∈ AP , we can associate a closed three-form
σθ(g) = CS(gθ)− CS(θ)− dc(gθ ∧ θ) ∈ Ω61,
whose class [σ(g)] in H1(Ω61) is independent of the choice of connection θ (see
[20, Lemma 3.8]). Here, CS(θ) ∈ Ω3(P ) denotes the Chern-Simons three-form
of θ, which satisfies
dCS(θ) = c(Fθ ∧ Fθ).
Consider the additive subgroup
I[P ] = C〈[σ(g)] | g ∈ GP 〉 ⊂ H1(Ω61).
Theorem 3.5 ([20]). There is a natural bijection
−1([P ]) ∼= {(H, θ) ∈ Ω61 ×AP | dH + c(Fθ ∧ Fθ) = 0}/ ∼,
where (H, θ) ∼ (H ′, θ′) if, for some B ∈ Ω2,0 and g ∈ GP
H ′ = H + CS(gθ)− CS(θ′)− dc(gθ ∧ θ′) + dB. (3.6)
Furthermore, the isotropy of −1([P ]) for the transitive H1(Ω61)-action is I[P ].
A choice of pair (H, θ) in the equivalence class determines a particular pre-
sentation of the Courant algebroid Q as in Example 3.3.
The upshot of the previous classification is the relation between the twisted
Hull-Strominger system (2.8) and the string algebroids in the next result. The
proof is a straightforward consequence of Theorem 3.5.
Proposition 3.6. A solution (Ψ, ω, h) of the twisted Hull-Strominger system
(2.8) on (X,P ) determines a string algebroid Q over X with underlying prin-
cipal bundle P , given by (2i∂ω, θh) as in Example 3.3.
Remark 3.7. Note that, even though Q in Proposition 3.6 does not depend on
the complex (n, 0)-form Ψ, the fibre of the forgetful map (Ψ, ω, h) 7→ (ω, h) on
the space of solutions of (2.8) is a circle, since by Lemma 2.3 the form Ψ is
parallel with respect to the Bismut connection of ω and satisfies (2.3).
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3.2. Bott-Chern algebroids and hermitian metrics. Relying on Propo-
sition 3.6, this paper builds on the idea that the existence and uniqueness
problem for the twisted Hull-Strominger system (2.8) (and hence for (2.10))
should be better understood as the problem of finding ‘the best metric’ in a
string algebroid Q. Expanding upon this idea, in this section we introduce and
study a particular class of string algebroids and a natural notion of ‘hermitian
metric’ on them.
Let X be a complex manifold of dimension n. Let G be a reductive complex
Lie group, with bi-invariant symmetric bilinear form c : g⊗g→ C. We assume
that c satisfies the reality condition
c(k⊗ k) ⊂ R (3.7)
for the Lie algebra k of any maximal compact subgroup K ⊂ G. Let P be a
holomorphic principal G-bundle over X such that
p1([P ]) = 0 ∈ H2(Ω6•).
By [20, Cor. 3.6], when X is a ∂∂¯-manifold the previous condition is equivalent
to the vanishing of p1([P ]) in de Rham cohomology H
4(X,C). Throughout this
section, we consider string algebroids Q with fixed underlying principal bundle
P , as described in Theorem 3.5.
Motivation for the next definition comes from the fact that the string alge-
broids associated to solutions of (2.8) are special, due to condition (2.7). In
particular, the representative (H, θ) of the holomorphic string class in Theorem
3.5 can be taken to be H ∈ Ω2,1, that is, with no component in Ω3,0.
Definition 3.8. A Bott-Chern algebroid is a string algebroid Q whose class is
given by [(2i∂τ, θh)] for a real (1, 1)-form τ ∈ Ω1,1 and θh the Chern connection
of a reduction h ∈ Ω0(P/K) of P to a maximal compact subgroup K.
From the previous definition and Theorem 3.5 it follows that
ddcτ = c(Fgθh ∧ Fgθh) = c(Fh ∧ Fh), (3.8)
where Fh := Fθh, and therefore a necessary condition for Q to be Bott-Chern
is that p1([P ]) vanishes in Bott-Chern cohomology (cf. (2.7))
p1(P ) = 0 ∈ H2,2BC(X).
We next state a parametrization of the Bott-Chern algebroids for fixed X
and P . For this, note that there is a well-defined linear map induced by the
∂-operator
∂ : H1,1A (X,R)→ H1(Ω6•). (3.9)
The proof requires some additional tools, and it is postponed until Section 3.3.
Proposition 3.9. The set of equivalence classes of Bott-Chern algebroids over
X with fixed principal bundle P is an affine space for the vector space given by
the image of (3.9). Furthermore, if X is a ∂∂¯-manifold then there is only one
equivalence class.
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Example 3.10. Let X be a ∂∂¯-manifold (see e.g. [1]) and assume G = {1}.
Then, since a string algebroid Q with trivial structure group is exact, we have
H1(S) = H1(Ω6•) and there is a short exact sequence [29] (cf. (3.5))
0→ H3,0
∂¯
(X)→ H1(Ω6•)→ H2,1
∂¯
(X)→ 0.
If Q is Bott-Chern, as there is only one equivalence class, it must be isomorphic
to TX ⊕ T ∗X .
Example 3.11. Let X be a compact complex surface of class VII with b2 = 0.
When G = {1} we have
H1(S) = H1(Ω6•) ∼= H2,1∂¯ (X),
where the last equality follows by dimensional reasons. Using that H2,1
∂¯
(X)
and H1,1A (X) are both one-dimensional, the C-linear map
H1,1A (X)→ H2,1∂¯ (X)
[τ ] 7→ [2i∂τ ] (3.10)
is an isomorphism [1]. Consequently, an exact holomorphic Courant algebroid
is Bott-Chern if and only if its holomorphic string class is in the image via
(3.10) of the real subspace H1,1A (X,R) ⊂ H1,1A (X).
The last example suggests that a string algebroid Q can be twisted by ddc-
closed (1, 1)-form, in a way that it preserves the underlying holomorphic prin-
cipal bundle and the Bott-Chern property. This construction is similar to the
natural twist of a holomorphic vector bundle by a line bundle. Note that the
underlying smooth bundle Q of a holomorphic Courant algebroid Q is endowed
with a bracket and an anchor map, similarly as in Example 3.3.
Definition 3.12. We define Q⊗β, the twist of Q by a ddc-closed form β ∈ Ω1,1,
as the same underlying smooth Courant algebroid with the new holomorphic
structure
∂¯Q⊗β = ∂¯Q + ∂¯β,
and whose bracket and anchor maps are given by restriction of the ones in Q
to the sheaf of holomophic sections.
In particular, if Q is given as in Example 3.3 by (H, θ), the string algebroid
Q⊗β corresponds to (H+2i∂β, θ). At the level of classes, a holomorphic string
class [Q] is twisted by an Aeppli class α ∈ H1,1A (X) by [Q]⊗α := [Q⊗β], for any
β such that [β] = α. When β is real, twisting by β preserves the Bott-Chern
property.
Remark 3.13. Our notion of twist suggests a natural extension of Definition
3.8, where τ is a complex (1, 1)-form and we remove the reality assumption
(3.7). In the setup of Proposition 3.9, these objects are parametrized by the
image of the full Aeppli cohomology group H1,1A (X) via (3.9).
When X satisfies the ∂∂¯-Lemma, it is easy to see that the twists by ddc-
closed (1, 1)-forms correspond to automorphisms of the Courant algebroid Q.
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Lemma 3.14. Let X be a ∂∂¯-manifold. Then, for any ddc-closed form β ∈
Ω1,1, we have that [Q⊗ β] = [Q].
We are now ready to introduce our notion of hermitian metric onQ, assuming
the Bott-Chern property.
Definition 3.15. Let Q be a Bott-Chern algebroid.
i) A hermitian metric on Q is a pair (ω, h), where ω is a positive (1, 1)-
form on X , and h ∈ Ω0(P/K) is a reduction of P to a maximal compact
subgroup K, such that [Q] = [(2i∂ω, θh)].
ii) We say that Q is positive if it admits a hermitian metric.
The (possibly empty) set of hermitian metrics on a given Bott-Chern alge-
broid Q only depends on the holomorphic string class [Q] (just as hermitian
metrics on a holomorphic vector bundle only depend on the underlying smooth
bundle). A priori, there is no obvious way to check the positivity of Q. In fact,
since a hermitian metric (ω, h) on Q satisfies (3.8) with τ = ω, this question can
be regarded as a strong version of [17, Question 5.11]. Nonetheless, under the
assumption that X admits a positive class in H1,1A (X,R)—that is, represented
by pluriclosed hermitian form ω0 on X—the twisted Courant algebroid
Q⊗ kω0
is positive for large enough k ≫ 0. This type of manifolds are known in the
literature as strong Ka¨hler with torsion (SKT).
Proposition 3.16. Suppose that X is SKT. Then, for any Bott-Chern alge-
broid Q there exists a sufficiently large constant k > 0 such that Q ⊗ kω0 is
positive. In addition, if X satisfies the ∂∂¯-Lemma, any Bott-Chern algebroid
Q is positive.
Proof. By the Bott-Chern property, we can choose (H, θ) such that H = 2i∂τ0
with τ0 ∈ Ω1,1 and θ = θh for a reduction h on P . The first part of the proof is
an immediate consequence of Definition 3.12, choosing β = kω0. The second
part of the statement follows from Lemma 3.14. 
Example 3.17. In Example 3.11, the locus of isomorphism classes of positive
objects is identified via (3.10) with
R>0〈[ω0]〉 ⊂ H1,1A (X).
Example 3.18. The hypothesis of Proposition 3.16 are sufficient but not nec-
essary conditions for positivity. Various homogeneous solutions of the Hull-
Strominger system (2.10) found in the literature provide examples of positive
Bott-Chern algebroids with G 6= {1} (see e.g. [47]). These manifolds are nei-
ther ∂∂¯-manifolds nor SKT, as, for instance, the nilmanifold with underlying
Lie algebra h3 considered in [13].
3.3. Aeppli classes in Bott-Chern algebroids. Let Q be a Bott-Chern
algebroid over a compact complex manifold X , with underlying holomorphic
principalG-bundle P . The aim of this section is to introduce a notion of ‘Aeppli
class’ in Q and to associate such a class to any hermitian metric, provided that
24 M. GARCIA-FERNANDEZ, R. RUBIO, C. S. SHAHBAZI, AND C. TIPLER
Q is positive. We need the following result, due to Donaldson [9], which defines
secondary holomorphic characteristic classes in Bott-Chern theory [3].
Proposition 3.19 ([9]). For h0, h1 two reductions of P to a maximal compact
subgroup, there exists an invariant
R(h1, h0) ∈ Ω1,1/ Im(∂ ⊕ ∂¯) (3.11)
with the following properties:
(1) R(h0, h0) = 0, and, for any third metric h2,
R(h2, h0) = R(h2, h1) +R(h1, h0).
(2) if h varies in a one-parameter family ht, then
d
dt
R(ht, h0) = ic(h
−1h˙, Fh). (3.12)
(3) the following identity holds
ddcR(h1, h0) = c(Fh1 ∧ Fh1)− c(Fh0 ∧ Fh0).
Donaldson’s invariant (3.11) is defined by integration of (3.12) along a path
in the space of reductions of P , using that the resulting (1, 1)-form is inde-
pendent of the chosen path up to addition of elements in Im(∂ ⊕ ∂¯). This
constructive method will be important for the proof of Lemma 3.25 below.
In order to introduce our notion of Aeppli classes for the Bott-Chern alge-
broid Q, we consider
BQ := {(τ, h) ∈ Ω1,1 × Ω0(P/K) | [Q] = [(2i∂τ, θh)]}.
Note that BQ depends only on the class [Q]. Define a map
Ap : BQ ×BQ → H1,1A (X)
by the formula
Ap(τ, h, τ0, h0) = [τ − τ0 − R(h, h0)].
Condition (3.8), combined with property (3) in Proposition 3.19, imply that
the previous map is well defined. Furthermore, as a consequence of (1) in
Proposition 3.19 the map Ap satisfies the cocycle condition
Ap(τ2, h2, τ0, h0) = Ap(τ2, h2, τ1, h1) + Ap(τ1, h1, τ0, h0) (3.13)
for any triple of elements in BQ. The following result follows readily from the
cocycle condition (3.13) above.
Proposition 3.20. The level sets of the map
Ap( , τ0, h0) : BQ → H1,1A (X) (3.14)
are independent of the choice of (τ0, h0) ∈ BQ.
We hence make the following definition.
Definition 3.21. An Aeppli class in Q is a level set of Ap( , τ0, h0) in (3.14).
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We denote by ΣQ the set of Aeppli classes. The space BQ decomposes as a
disjoint union
BQ =
⊔
σ∈ΣQ
Bσ.
Note that a choice (τ0, h0) ∈ BQ identifies ΣQ with a subset of H1,1A (X). The
twist construction in Definition 3.12 combined with Proposition 3.9, imply that
ΣQ has a natural structure of affine space modelled on the complexification of
the kernel of the linear map (3.9). Choosing τ0 in (3.14) to be a real (1, 1)-
form, we define the subspace of real Aeppli classes ΣQ(R) ⊂ ΣQ as the elements
σ ∈ ΣQ such that
Bσ ∩Ap( , τ0, h0)−1(H1,1A (X,R)) 6= ∅.
By Lemma 3.14, when X satisfies the ∂∂¯-Lemma ΣQ (resp. ΣQ(R)) is modelled
on H1,1A (X) (resp. H
1,1
A (X,R)). When X is not a ∂∂¯-manifold the situation is
very different, as we illustrate with the following example.
Example 3.22. Consider a compact complex surface X of class VII with
b2 = 0, endowed with an exact holomorphic Courant algebroid Q. Assume that
Q is Bott-Chern. By Example 3.11 the isomorphism class of Q corresponds to
[τ0] ∈ H1,1A (X,R) via (3.10), for a real ddc-closed τ0 ∈ Ω1,1, and we have
Ap( , τ0) : BQ → H1,1A (X) : τ → [τ − τ0].
Using that (3.10) is an isomorphism we conclude that Ap( , τ0) = 0 and
therefore ΣQ reduces to a point in this case.
We assume now that Q is positive and denote by
B+Q ⊂ BQ
the subset consisting of the hermitian metrics on Q.
Definition 3.23. An Aeppli class on Q is positive if it is represented by a
hermitian metric (ω, h) ∈ B+Q . We will denote by Σ+Q ⊂ ΣQ(R) the cone of
positive Aeppli classes.
To finish this section, we give an explicit parametrization of the set of her-
mitian metrics in a fixed positive Aeppli class, and prove the classification of
Bott-Chern algebroids stated in Proposition 3.9. These results, which are cru-
cial for our developments in the subsequent sections, rely on the following key
lemma, which upgrades Donaldson’s invariant (3.11) to take values in Ω1,1.
Lemma 3.24. Let h, h0 be reductions of P . Define
R˜(h, h0) =
∫ 1
0
ic(u, Fht)dt ∈ Ω1,1 (3.15)
where h = euh0, for u ∈ Ω0(i adPh0), and ht = etuh0. Then,
2i∂R˜(h, h0) + CS(θ
h)− CS(θh0)− dc(θh ∧ θh0) ∈ dΩ2,0.
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Proof. We set
Ct : = CS(θ
ht)− CS(θh0)− dc(θht ∧ θh0)
= −2c(at ∧ Fht)− c(at ∧ dhtat)−
1
3
c(at ∧ [at, at]),
where ht = e
tuh0 as in (3.15), and at = θ
h0 − θht . By the fundamental theorem
of calculus, it suffices to prove that
d
dt
(2i∂R˜(ht, h0) + Ct) ∈ dΩ2,0 (3.17)
for all t ∈ [0, 1]. To see this, note that
d
dt
Fht =
d
dt
(dθht + [θht , θht]/2) = −da˙t − [θht , a˙t] = −dht a˙t,
d
dt
(dhtat) =
d
dt
(dat + [θ
ht , at]) = −[a˙t, at] + dhta˙t,
and hence
C˙t :=− 2c(a˙t ∧ Fht) + 2c(at ∧ dhta˙t)
− c(a˙t ∧ dhtat) + c(at ∧ [a˙t, at])− c(at ∧ dhta˙t)
− 1
3
c(a˙t ∧ [at, at])− 1
3
c(at ∧ [a˙t, at])− 1
3
c(at ∧ [at, a˙t])
=− 2c(a˙t ∧ Fht) + c(at ∧ dht a˙t)
− c(a˙t ∧ dhtat) + c(at ∧ [a˙t, at])− c(at ∧ [a˙t, at])
=− 2c(a˙t ∧ Fht)− dc(at ∧ a˙t),
where in the second equality we have used that
c(at ∧ [a˙t, at]) = c(at ∧ [at, a˙t]) = c([at, at] ∧ a˙t) = c(a˙t ∧ [at, at]).
Finally, part (2) of Proposition 3.19 implies that
d
dt
2i∂R˜(ht, h0) = −2∂c(u, Fht) = −2c(∂htu, Fht),
and thus (3.17) follows from (see [9, Sec. 1])
at = −e−tu∂h0(etu), a˙t = −∂htu.

Using Lemma 3.24, we give next our parametrization of the set of hermitian
metrics in a fixed positive Aeppli class σ ∈ Σ+Q.
Lemma 3.25. Let (ω0, h0) ∈ B+σ be a hermitian metric on Q with Aeppli class
σ ∈ Σ+Q. Let (ω, h) be a pair given by hermitian form ω ∈ Ω1,1 on X and a
reduction h of P to a maximal compact subgroup. Then, if
ω − ω0 − R˜(h, h0) ∈ Im(∂ ⊕ ∂¯), (3.18)
the pair (ω, h) defines a hermitian metric on Q with Aeppli class σ. Conversely,
if (ω, h) ∈ B+σ , then ω satisfies (3.18).
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Proof. If (ω, h) is a hermitian metric on Q satisfying (3.18) then it follows by
the definition of Σ that the class of (ω, h) is σ. Thus, following Definition 3.15,
for the first part it suffices to prove that (3.18) implies (2i∂ω, θh) ∼ (2i∂ω0, θh0).
This is a straightforward consequence of Lemma 3.24, as we have
2i∂ω = 2i∂ω0 + 2i∂R˜(h, h0)− d(2i∂η1,0)
= 2i∂ω0 + CS(θ
h0)− CS(θh)− dc(θh0 ∧ θh) + dB
for B ∈ Ω2,0. For the converse, if (ω, h) is a hermitian metric on Q with class
σ then
ω − ω0 − R′(h, h0) ∈ Im(∂ ⊕ ∂¯),
where
R′(h, h0) =
∫ 1
0
ic(h−1s h˙s, Fhs)ds
for a suitable path hs joining h0 and h. Now, by the proof of [9, Prop. 6],
R′(h, h0) and R˜(h, h0) differ by an element in Im(∂⊕ ∂¯) and the result follows.

By Lemma 3.25, upon fixing (ω0, h0) ∈ B+σ , the hermitian metrics (ω, h) on
Q with Aeppli class σ are parametrized by pairs (ξ, s), given by a real 1-form
ξ on X and a smooth section s ∈ Ω0(adPh0), where
h = eish0, ω = ω0 + 2(dξ)
1,1 + R˜(h, h0). (3.19)
In particular, an infinitesimal change in the metric is given by
δh = is, δω = 2(dξ)1,1 − c(s, Fh0).
Notice that the pair (ξ, s) corresponds to a smooth global section of the kernel
of the anchor map of the algebroid Q in Example 3.3, via
(ξ, s) 7→ 2ξ1,0 − s/4 ∈ Ω0(KerπQ). (3.20)
From this point of view, it is natural to think of ω on equal footing as Fh,
as ‘curvature’ for the holomorphic Courant algebroid Q. Similarly as it oc-
curs in Ka¨hler geometry, the symmetries of Q have a mild effect on curvature
quantities. For instance, there is a natural inclusion of the space of global
holomorphic sections of Q in the Lie algebra of infinitesimal automorphisms of
the holomorphic Courant algebroid Q (see [20, Prop. 2.8])
H0(X,Q) ⊂ LieAutQ,
so that the infinitesimal action is realized via the Dorfman bracket, and for
2ξ1,0 − s/4 ∈ H0(X,Q), that is, when ∂¯Q(2ξ1,0 − s/4) = 0, we have that
δ(Fh) = [s, Fh0 ], δω = 0. (3.21)
To finish this section, we address the classification of Bott-Chern algebroids
in Proposition 3.9, which follows again by application of Lemma 3.24.
Proof of Proposition 3.9. We fix (τ, h) as in Definition 3.8 which represents a
holomorphic string class. If (τ ′, h′) represents another holomorphic string class,
we associate an element in the image of (3.9) given by
[2i∂(τ ′ − τ − R˜(h′, h))] ∈ H1(Ω6•).
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If this class is zero, it follows that
2i∂τ ′ = 2i∂τ + 2i∂R˜(h′, h)) + dB
for B ∈ Ω2,0, and by Lemma 3.24 we have
2i∂τ ′ = 2i∂τ + CS(θh)− CS(θh′)− dc(θh ∧ θh′) + dB′
for other B′ ∈ Ω2,0, and therefore the map is injective. Surjectivity follows by
twisting (see Definition 3.12). The last part of the statement is a straightfor-
ward consequence of the ∂∂¯-Lemma. 
4. Canonical metrics and variational approach
4.1. Canonical metrics. Let Q be a positive Bott-Chern algebroid over a
compact complex manifold X of dimension n with c1(X) = 0. Following the
previous section, we introduce now a notion of ‘best metric’ in relation to the
twisted Hull-Strominger system (2.8) and, for a given positive Aeppli class, we
use Lemma 3.25 to reduce the system to an explicit PDE.
Definition 4.1. We say that a tuple (Ψ, ω, h), given by a hermitian metric
(ω, h) on Q and a section Ψ of the canonical bundle KX , satisfies the twisted
Hull-Strominger system on Q if
Fh ∧ ωn−1 = 0,
dΨ− θω ∧Ψ = 0,
dθω = 0,
‖Ψ‖ω = 1.
(4.1)
By Definition 3.15, the existence of solutions of (4.1) only depends on the
isomorphism class [Q], and therefore it defines a natural system of equations for
the Bott-Chern algebroid. From the point of view of the holomorphic principal
bundle P underlying Q, a solution of (4.1) provides a solution of the system
Fh ∧ ωn−1 = 0,
dΨ− θω ∧Ψ = 0,
dθω = 0,
ddcω − c(Fh ∧ Fh) = 0,
(4.2)
for an SU(n)-structure (Ψ, ω) and a reduction h, and, therefore, any solution
of (4.1) determines a solution of the twisted Hull-Strominger system (2.8).
Conversely, by Proposition 3.6 any solution of (2.8) determines a Bott-Chern
algebroid Q endowed with a hermitian metric and a section Ψ solving (4.1).
The reason we include the normalization ‖Ψ‖ω = 1 (see (2.3)) as part of the
system (4.1) is that, as we will see next, due to our Definition 3.15 of hermitian
metric, the condition ‖Ψ‖ω = 1 is secretly a partial differential equation.
Let σ ∈ Σ+Q be a positive Aeppli class in Q. We apply Lemma 3.25 in order
to transform (4.1) into an explicit PDE. Let us fix a hermitian metric (ω0, h0)
on Q with Aeppli class σ. Relying on Lemma 3.25, finding a solution (Ψ, ω, h)
of the twisted Hull-Strominger system on Q with Aeppli class σ is equivalent
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to find a tuple (Ψ, ξ0,1, h), given by a section Ψ of KX , a (0, 1)-form ξ
0,1 ∈ Ω0,1,
and a reduction h on P , such that (Ψ, ω, h) solves (4.1), where
ω = ω0 + R˜(h, h0) + ∂ξ
0,1 + ∂ξ0,1
is a positive hermitian form on X . More explicitly, we have the system of
equations
Fh ∧ (ω0 + R˜(h, h0) + ∂ξ0,1 + ∂ξ0,1)n−1 = 0,
dΨ− θω ∧Ψ = 0, (4.3)
dθω = 0,
d(ω0 + R˜(h, h0) + ∂ξ
0,1 + ∂ξ0,1)n−1 = θω ∧ (ω0 + R˜(h, h0) + ∂ξ0,1 + ∂ξ0,1)n−1,
(ω0 + R˜(h, h0) + ∂ξ
0,1 + ∂ξ0,1)n = n!(−1)n(n−1)2 inΨ ∧Ψ.
With the equations (4.3) at hand, let us now take another look at the case of
complex surfaces and G = {1}, as considered in Proposition 2.11 and Theorem
2.16, from the point of view of holomorphic Courant algebroids. Let X be
a compact complex surface with c1(X) = 0 endowed with a positive exact
Courant algebroid Q. In this setup, the equations (4.1) reduce to
dΨ− θω ∧Ψ = 0, dθω = 0, ‖Ψ‖ω = 1, (4.4)
for a hermitian metric ω on Q. Furthermore, fixing the Aeppli class on Q
is equivalent to fixing the Aeppli class [ω] ∈ H1,1A (X,R). In this framework,
Theorem 2.16 is reinterpreted, by using Example 3.22, as the following result.
Theorem 4.2. Let X be a compact complex surface with c1(X) = 0, endowed
with an exact Bott-Chern algebroid Q. If (X,Q) admits a solution of (4.4),
then there exists a unique solution (Ψ, ω) on each positive Aeppli class σ ∈ Σ+Q,
up to rescaling Ψ by a unitary complex number.
Theorem 4.2 motivates the following specialization of Question 2.8 (cf. Ques-
tion 2.15).
Question 4.3. Let X be a compact complex manifold with c1(X) = 0 endowed
with a positive Bott-Chern algebroid Q that admits a solution of (4.1). Given
a positive Aeppli class σ ∈ Σ+Q, is there a unique solution of the twisted Hull-
Strominger system (4.1) with Aeppli class σ, up to rescaling of Ψ?
Given a holomorphic principal G-bundle P over X carrying a solution of
the twisted Hull-Strominger system (2.8), we do not expect in general that any
positive Bott-Chern algebroid Q with underlying bundle P admits a solution of
(4.1) (even though this is the case in all the examples we have). Thus, Question
4.3 seems to be the most sensible question to address regarding the uniqueness
problem for the twisted Hull-Strominger system (2.8). The characterization of
the pairs (X,Q) carrying a solution of (4.1) seems to be a very subtle problem,
which we speculate may be related to Geometric Invariant Theory (see Remark
2.13 and Section 4.3).
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4.2. Variational interpretation of the Hull-Strominger system. Build-
ing on Proposition 3.6, in this section we introduce new tools to address the
existence and uniqueness problem for (2.8) in the case ℓX = 0, that is, for the
Hull-Strominger system (2.10) (see Proposition 2.5). Motivated by Question
4.3, we draw a parallel with the Calabi problem for compact Ka¨hler manifolds
[60], and study the critical points of a functional for hermitian metrics on a
Bott-Chern algebroid with fixed positive Aeppli class. To establish a clear
analogy with the classical situation, in this section we work in the generality
of a compact complex manifold X endowed with a smooth volume form and a
positive Bott-Chern algebroid Q.
We fix a smooth volume form µ on X compatible with the complex structure
and, for any hermitian metric ω on X , we define a function fω by
ωn
n!
= e2fωµ. (4.5)
We will call fω the dilaton function of the hermitian metric ω with respect to
µ. Note that e−fω is the point-wise norm of µ with respect to ω.
Definition 4.4. The dilaton functional in the space of hermitian metrics B+Q
on Q is defined by
M(ω, h) =
∫
X
e−fω
ωn
n!
. (4.6)
Our next goal is to study the restriction of the dilaton functional to a positive
Aeppli class σ ∈ Σ+Q, and to relate the critical points with the Hull-Strominger
system (2.10). Denote by B+σ ⊂ B+Q the space of hermitian metrics with fixed
Aeppli class σ (see Proposition 3.20). The first variation of M restricted to
B+σ is the content of our next result.
Lemma 4.5. If (δω, δh) is an infinitesimal variation of (ω, h) ∈ B+σ with
δω = ic(h−1δh, Fh) + ∂ξ
0,1 + ∂ξ0,1,
then
δω,hM =
1
2(n− 1)!
∫
X
(ic(h−1δh, Fh) + ∂ξ
0,1 + ∂ξ0,1) ∧ e−fωωn−1.
Proof. Note that
M(ω, h) =
∫
X
efωµ
and therefore
δω,hM =
∫
X
(δfω)e
fωµ =
1
2
∫
X
Λω(δω)e
−fωωn/n!,
where we have used that 2δfω = Λω(δω) by definition of fω. 
The critical points of the functional (4.6) on B+σ are therefore given by the
system of equations
Fh ∧ ωn−1 = 0,
d(e−fωωn−1) = 0,
(4.7)
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for a hermitian metric (ω, h) on Q with Aeppli class σ. Note that the second
equation is equivalent to (see e.g. [17])
θω = −dfω (4.8)
and therefore the existence of solutions of (4.7) implies that X is conformally
balanced.
If we fix a reference metric (ω0, h0) ∈ B+σ , using Lemma 3.25 the system
(4.7) reduces to the following explicit partial differential equation
Fh ∧ (ω0 + R˜(h, h0) + ∂ξ0,1 + ∂ξ0,1)n−1 = 0,
d
(
e−fω(ω0 + R˜(h, h0) + ∂ξ
0,1 + ∂ξ0,1)n−1
)
= 0
(4.9)
for a pair (ξ0,1, h), where ξ0,1 ∈ Ω0,1 is a (0, 1)-form such that
ω = ω0 + R˜(h, h0) + ∂ξ
0,1 + ∂ξ0,1
is a positive hermitian form on X , and
(ω0 + R˜(h, h0) + ∂ξ
0,1 + ∂ξ0,1)n = n!e2fωµ.
For reasons that will be clear in Section 4.3, we will call the equations (4.9)
(or equivalently (4.7)) the Calabi system.
Remark 4.6. Similarly as it occurs for (4.1), from the point of view of the prin-
cipal bundle P underlying Q, a solution of the Calabi system (4.7) corresponds
to a solution of
Fh ∧ ωn−1 = 0,
d(e−fωωn−1) = 0,
ddcω − c(Fh ∧ Fh) = 0.
(4.10)
Assuming that X admits a holomorphic volume form, we establish next the
relation between the functional M and the Hull-Strominger system (2.10). Let
Ω be a holomorphic volume form on X and set
µ = (−1)n(n−1)2 inΩ ∧ Ω. (4.11)
Proposition 4.7. Let Q be a positive Bott-Chern algebroid over a compact
Calabi-Yau manifold (X,Ω), with fixed Aeppli class σ = [(ω0, h0)] ∈ Σ+Q. If
(ω, h) ∈ B+σ is critical point of M with µ as in (4.11), then (ω, h) is a solution
of the Hull-Strominger system (2.10) with associated Bott-Chern algebroid Q.
Conversely, if (ω, h) is a solution of (2.10) with Bott-Chern algebroid Q such
that [(ω, h)] = σ, then (ω, h) is a critical point of M on B+σ and (ω, h) and
(ω0, h0) are related by (3.18).
Proof. By (2.1) and (4.8), the ‘if part’ of the proof reduces to the identity
‖Ω‖ω = e−fω . The ‘only if part’ follows from Lemma 3.25 . 
Our next result is the calculation of the second variation of the functional
M restricted B+σ . Let (ωt, ht) ∈ B+σ be a one-parameter family of hermitian
metrics on Q, with
ωt = Re τt = ω + R˜(ht, h0) + ∂ξ
0,1
t + ∂ξ
0,1
t (4.12)
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for ξ0,1t ∈ Ω0,1. Using the Lefschetz decomposition with respect to ωt, we can
write
ω˙t = σt + βt
ωt
n
,
where σt is a primitive (1, 1)-form and βt ∈ C∞(X) is given by
βt = Λωt
(
ic(h−1t h˙t, Fht) + ∂ξ˙
0,1
t + ∂ξ˙
0,1
t
)
.
Lemma 4.8. The following identity holds:
d
dt2
M(ωt, ht) =
1
2
∫
X
e−fωt
(
Λωt
(
∂ξ¨0,1t + ∂ξ¨
0,1
t
)
− |σt|2ωt +
n− 2
2n
β2t
)
ωnt
n!
+
1
2
∫
X
e−fωtΛωt
(
ic(h−1t h˙t, ∂¯∂
ht(h−1t h˙t)) + ic(∂t(h
−1
t h˙t), Fht)
) ωnt
n!
.
Proof. We denote ∂kt =
d
dtk
. By Lemma 4.5 we have
∂2tM(ωt, ht) =
1
2(n− 1)!
∫
X
ω¨t ∧ e−fωtωn−1t + ω˙t ∧ ∂t(e−fωtωn−1t )
Now, by (4.12),
ω¨t ∧ ωn−1t = Λωt
(
ic(h−1t h˙t, ∂¯∂
ht(h−1t h˙t)) + ic(∂t(h
−1
t h˙t), Fht) + ∂ξ¨
0,1
t + ∂ξ¨
0,1
t
) ωnt
n
and also
ω˙t ∧ ∂t(e−fωtωn−1t ) = e−fωt ω˙t ∧ (−(Λωtω˙t/2)ωt + (n− 1)ω˙t) ∧ ωn−2t
=
(
−|σt|2ωt +
n− 2
2n
|Λωtω˙t|2
)
e−fωt
ωnt
n
.

Our formula for the second variation points towards special paths on B+σ
along which the functional M is concave. Remarkably, these paths are inde-
pendent of the choice of volume form in the definition of the functional (4.6).
Corollary 4.9. The dilaton functional is concave along paths (ωt, ht) ∈ B+σ
solving
Λωt(∂ξ¨
0,1
t + ∂ξ¨
0,1
t ) =
2− n
2n
|Λωt(ic(h−1t h˙t, Fht) + ∂ξ˙0,1t + ∂ξ˙0,1t )|2 (4.13)
− Λωt
(
ic(h−1t h˙t, ∂¯∂
ht(h−1t h˙t)) + ic(∂t(h
−1
t h˙t), Fht)
)
.
In general, the only source of concavity of M is given by the primitive part
of the variation of ωt, which motivates (4.13). Note here that we cannot use
the convexity properties of Donaldson’s functional in the space of reductions
of P [9], since the bilinear form c on k ⊂ g may have arbitrary signature.
Equation (4.13) is reminiscent of the geodesic equation in the space of Ka¨hler
metrics in a fixed Ka¨hler class, which plays an important role in the constant
scalar curvature problem in Ka¨hler geometry (see e.g. [10]). To see this, by
setting ξ0,1t = i∂¯φt and ht = e
tuh0, we note that (4.13) reduces to the following
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fourth-order partial differential equations for the one-parameter family φt of
smooth functions:
Ptφ¨t =
n− 2
2n
|Ptφ˙t − ic(u,ΛωtFht)|2 + ic(u,Λωt∂¯∂htu), (4.14)
where Pt is the second-order elliptic differential operator
Pt = Λωt2i∂¯∂ : C
∞(X)→ C∞(X).
Note that Pt coincides with the Hodge laplacian ∆ωt precisely when ωt is bal-
anced [22].
Similarly as in the case of Ka¨hler geometry, our next result shows that the
equation (4.14) can be potentially used as an approach to the uniqueness prob-
lem for the Calabi system (4.7).
Proposition 4.10. If (ω0, h0) and (ω1, h1) are two solutions of the Calabi
system (4.7) on B+σ that can be joined by a solution (ωt, ht) of (4.13) depending
analytically on t, then ω1 = kω0 for some constant k, and h1 is related to h0
by an automorphism of P . Furthermore, when dω0 6= 0, we must have k = 1.
Proof. By Lemma 4.8, the second derivative of M along the path (ωt, ht) is
non-positive. Thus, since (ω0, h0) and (ω1, h1) are critical points ofM , we have
that σt = 0 for all t ∈ [0, 1] and therefore
ω˙t = βtωt/n. (4.15)
We claim that this implies that ω0 is conformal to ω1. To see this, consider the
decomposition of ωt into primitive and non-primitive parts with respect to ω0
ωt = γt + ftω0/n, (4.16)
where γt and ft depend analytically on t. Let
U = {t ∈ [0, 1] | γs = 0 for all s ∈ [0, t]}
and note that 0 ∈ U . It suffices to prove that U is open and closed. Let
t0 = supU . Then ω˙t = f˙tω0/n for all 0 ≤ t < t0 and therefore
ωt0 = ω0 +
1
n
ω0
∫ t0
0
f˙sds,
so t0 ∈ U , and we conclude that U is closed. To see that U is open, given
t1 ∈ U we take derivatives on (4.16) respect to t
βt(γt + ftω0/n)/n = βtωt/n = γ˙t + f˙tω0/n
obtaining that γ˙t1 = 0, since γt1 = 0. Taking derivatives again, it follows by
induction that γt vanishes at all orders at t1, and therefore it vanishes in a
neighbourhood of t1, since by assumption γt depends analytically on t.
Using now that ω1 = e
fω0 for a smooth function f , the Buchdahl-Li-Yau
Theorem [5, 41] implies that h0 and h1 are related by an automorphism of P ,
and as a consequence
ddc(ω1 − ω0) = c(Fh1 ∧ Fh1)− c(Fh0 ∧ Fh0) = 0.
Finally, this implies that
ddc((1− ef )ω0) ∧ ωn−20 = 0,
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and therefore applying the maximum principle to the linear elliptic operator
u 7→ ddc(uω0) ∧ ωn−20 it follows that ω1 = kω0 for some constant k.
For the final claim, note that ddcω0 6= 0 when dω0 6= 0, so it follows from
ddcω0 = dd
cω1 in the proof of Proposition 4.10 that k = 1. 
Expanding upon the method of Proposition 4.10, in Theorem 4.13 we will
prove uniqueness of solutions of the Calabi system for the case of exact Courant
algebroids over complex surfaces. It is therefore natural to expect that the
Dirichlet problem for the PDE (4.13) is an important tool in the theory for the
Hull-Strominger system.
Remark 4.11. The equations (4.13) are very special on a complex surface, as
in this case the first term on the right-hand side vanishes. With the ansatz
ht = e
tuh0, they further reduce to
Λωt(∂ξ¨
0,1
t + ∂ξ¨
0,1
t ) = −ic(u,Λωt ∂¯∂htu) = −Λωt
d
dt2
R˜(ht, h0). (4.17)
When G = {1}, the right hand side of equation (4.17) vanishes and therefore
it can be solved using linear paths in the Aeppli class.
4.3. Relation with the Calabi problem and (well-founded) specula-
tions. Consider now the functional (4.6) in the case G = {1}, that is, for an
exact positive Bott-Chern algebroid
0→ T ∗X → Q→ TX → 0,
defined by a closed H ∈ Ω2,1. By assumption, there is a positive hermitian
form ω0 ∈ Ω1,1 such that
H = 2i∂ω0 + dB,
for B ∈ Ω2,0. Therefore, the space of real Aeppli classes on Q is identified with
H1,1A (X,R) via the map
Ap( , ω0) : BQ → H1,1A (X)
τ 7→ [τ − ω0].
Given a positive Aeppli class σ ∈ Σ+Q, which we assume e.g. to be σ = [ω0],
the critical points of the functional (4.6) on Bσ are given by a hermitian form
ω on X such that
d(e−fωωn−1) = 0,
ddcω = 0,
(4.18)
and satisfying [ω] = [ω0] ∈ H1,1A (X,R). Now, a hermitian metric which is
pluriclosed and conformally balanced is necessarily Ka¨hler [36, Thm. 1.3], and
we have the following result.
Proposition 4.12. Let Q be an exact positive Bott-Chern algebroid. If ω ∈ Bσ
is a critical point of (4.6), then dω = 0 and dfω = 0. Therefore, X is Ka¨hler,
Q is isomorphic to TX ⊕ T ∗X and there exists a constant ℓ > 0 such that
ωn
n!
= ℓµ. (4.19)
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On a Ka¨hler manifold X there is a natural isomorphism H1,1A (X)
∼= H1,1∂¯ (X),
which identifies the Aeppli cone with the Ka¨hler cone in H2(X,R). Hence,
by Proposition 4.12, the existence problem for (4.18) reduces to the Calabi
problem, that is, to prescribe the volume of a Ka¨hler metric in a fixed Ka¨hler
class. As in the classical problem of Calabi, the most interesting situation arises
when we consider a Calabi-Yau manifold (X,Ω) and choose µ as in (4.11), as
in this case (4.19) implies that the holonomy of the Ka¨hler metric is contained
in SU(n).
Let us consider for a moment the general case of a positive Bott-Chern
algebroid Q with arbitrary structure group G. Proposition 4.12 suggests the
following parallel with the theory of constant scalar curvature Ka¨hler metrics
[10]: provided that M admits a critical point on Bσ, the existence of ‘enough
solutions’ of (4.13) should imply that the functional is bounded from above.
Thus, we can try to define an obstruction to the existence of critical points
of M (4.6) using the asymptotics of dM along infinite paths on Bσ solving
(4.13). The resulting ‘stability condition’ would be for a pair (Q, σ) given by
a Bott-Chern algebroid and a positive Aeppli class, and should in particular
imply that the underlying complex manifold is balanced.
To illustrate these ideas, we go back to the case of complex surfaces and triv-
ial G. The following result follows from Corollary 4.9 and the special features
of the path (4.13) in complex dimension two (see Remark 4.11).
Theorem 4.13. Let X be a compact complex surface endowed with an exact
Bott-Chern algebroid Q. If a positive Aeppli class σ ∈ Σ+Q on Q admits a
solution ω0 of (4.18) then it is unique. Furthermore, in this case the dilaton
functional (4.6) is bounded from above on Bσ.
Proof. Let ω ∈ Bσ be another solution of (4.18). Using [ω] = [ω0] = σ, we
have
ω = ω0 + (Id + J)dξ
for some ξ ∈ Ω1, where (Id + J)dξ = 2(dξ)1,1. Taking the solution of (4.13)
given by ωt = ω0 + t(Id + J)dξ (see Remark 4.11), the uniqueness part of the
statement follows from Proposition 4.10.
Consider now ω = ω0+(Id+J)dξ ∈ Bσ, with ω not necessarily solving (4.18),
and set ωt = ω0 + t(Id + J)dξ. Then, by Lemma 4.8 either M(ω) < M(ω0) or
(Id + J)dξ =
1
2
(Λωtdξ)ωt (4.20)
for all t ∈ [0, 1]. Assuming the latter condition and taking ddc in the previous
equation it follows that Λω0dξ = k ∈ R. Using the dc-de Rham decomposition
of one-forms, we can write ξ = dcf + (dc)∗u, for u a two-form. By Proposition
4.12 ω0 is Ka¨hler and, by the Ka¨hler identities, we have now Λω0d(d
c)∗u = 0 and
hence ∆ω0f = −k, which implies ξ = (dc)∗u. Finally, Λω0dξ = Λω0d(dc)∗u = 0
and we conclude from (4.20) that ω = ω0. 
We expect that the boundedness of the dilaton functional is closely related
to the existence of solutions of the Calabi system on arbitrary dimensions, and
for arbitrary Bott-Chern algebroid Q. It is interesting to notice that, when Q
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is exact, the dilaton functional can be formulated on arbitrary SKT manifolds
and that the only obstruction to the existence of critical points is the failure
of X to be Ka¨hler.
To give evidence in this direction, we consider the example of a primary Hopf
surface X endowed with an exact Courant algebroid Q (see Example 3.11). X
being non-Ka¨hler, Q does not admit critical points of the functional (4.6) for
any choice of volume form µ. Nonetheless, as we will see next, the asymp-
totics of the dilaton functional carry interesting information. For simplicity,
we restrict to the case of a homogeneous Hopf surface
X = Xα,α = (C
2\{0})/〈γ〉
with α = β (see (2.16)), via the identification
S3 × S1 ∼= SU(2)× U(1).
By a result of Sasaki [53], the homogeneous integrable complex structures on
SU(2)×U(1) are parametrized by
w = x+ iy ∈ C,
and any such complex structure determines a diagonal Hopf surface Xw =
Xew,ew induced by a holomorphic map [30]
Φw : R× SU(2)→ C2\{0}
(t, z1, z2) 7→ (etwz1, etwz2).
Here, we identify SU(2) with S3 = {(z1, z2) ∈ C2 | |z1|2 + |z2|2 = 1} by the
correspondence (
z1 −z2
z2 z1
)
↔ (z1, z2).
More explicitly, consider generators for the Lie algebra
su(2)⊕ R = 〈e1, e2, e3, e4〉,
such that
de1 = e23, de2 = e31, de3 = e12, de4 = 0,
for {ej} the dual basis, satisfying ej(ek) = δjk, and the notation eij = ei∧ej and
similarly. Then, for x 6= 0, the complex structure corresponding to w = x+ iy
is
Jw(e4 − ye1) = xe1, Jwe2 = e3,
which in terms of the dual basis reads
Jw(xe
4) = e1 + ye4, Jwe
2 = e3.
We define a basis of (1, 0)-forms for Jw varying analytically on w by
η1w = ie
1 + we4, η2 = e2 + ie3,
and consider the (2, 0)-form
Ψw = η
1
w ∧ η2.
Note that
dΨw = −ze4 ∧Ψw,
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and therefore Jw is integrable, since de
4 = 0.
To fix an exact Courant algebroid over Xw, we use the identification [1]
H1,1A (Xw)
∼= C〈e41〉,
and that any Aeppli class a[e41] ∈ H1,1A (Xw) determines an exact Courant
algebroid Qw,a (see Example 3.11) by
[Qw,a] = a[2i∂w(e
41)] =
a
2x
[η1w ∧ η2 ∧ η2] ∈ H2,1∂¯ (Xw).
For x > 0, the algebroid Qw,a is positive precisely when Re a > 0. Without
loss of generality, in the sequel we assume that x > 0 and that a is real and
positive. In this setup, a solution of the equation (4.14) on the (unique) Aeppli
class in Qw,a is given by (see Example 3.22 and Remark 4.11)
ωt = ae
41 + te23, for t ∈ (0,+∞).
In order to evaluate the functional (4.6) along ωt, we fix a volume form on Xw
by
µw = Ψw ∧Ψw = 4xe4123.
The corresponding one-parameter family of dilaton functions is given by
ft =
1
2
log(at/4x)
and therefore the functional (4.6) along ωt is
M(t) =
∫
Xw
efωtµw = (2axt)
1
2V,
where V is the volume of S3×S1 with respect to the invariant volume element
e4123. We observe that M(t) is concave, and it is not bounded from above.
We want to give now a cohomological interpretation of the asymptotics of
M(t) as t→ +∞. For this, it is convenient to choose a different normalization
of the parameter t. Note that
θωt = −
a
t
e4.
and therefore when y = 0 and t = a/x, the pair (Ψw, ωa/x) corresponds to the
unique solution of (2.14) in Aeppli class a obtained in Theorem 2.16. Then,
setting
l =
x
a
t
and
[H ] = [Qw,a] + [Qw,a] = −a
x
[e123] ∈ H3(S3 × S1,R),
ℓXw = −x[e4] ∈ H1(S3 × S1,R).
we have
M(l) = (ℓXw · [H ])l
1
2 ,
where · denotes the intersection product in cohomology. The degree three
cohomology class [H ] corresponds to the Sˇevera class of the smooth (real)
exact Courant algebroid associated to Qw,a [29]. Note that the invariant ℓXw
is well defined on any primary Hopf surface by Remark 2.14, even though Xw
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only admits solutions of (2.14) when y = 0 or when x = 0 (see Theorem 2.16).
We observe that the two obstructions to the existence of critical points of M
appear in the asymptotics. Furthermore, the invariant ℓXw seems to be the
way that the functional M measures how far is Xw from being Ka¨hler.
Remark 4.14. It would be interesting to study the ODE corresponding to (4.9)
in higher dimensions in a homogeneous setup. For the case of exact Courant
algebroids over SKT manifolds, (4.9) reduces to
Λωt(∂ξ¨
0,1
t + ∂ξ¨
0,1
t ) =
2− n
2n
|Λωt(∂ξ˙0,1t + ∂ξ˙0,1t )|2. (4.21)
5. Linear theory and deformations
5.1. Fredholm alternative. In this section we study the linear theory for the
twisted Hull-Strominger system on a Bott-Chern algebroid Q (4.1), showing
that the linearization of the equations restricted to an Aeppli class (4.3) induces
a Fredholm operator. For the case ℓX = 0 (see Lemma 2.2), we further prove
that this operator has index zero and provide a Fredholm alternative: either it
has a non-trivial finite-dimensional kernel, or it is invertible.
Let Q be a positive Bott-Chern algebroid over a compact complex manifold
X of dimension n with c1(X) = 0. Let P be the holomorphic principal G-
bundle underlying Q. We assume that Q admits a solution (Ψ, ω, h) of the
twisted Hull-Strominger system on Q (4.1). If (Ψ˜, ω˜, h˜) is another tuple as in
Definition 4.1, with Ψ˜ = eφΨ for some smooth function φ, the condition of
being a solution of (4.1) is equivalent to
Fh˜ ∧ ω˜n−1 = 0,
dφ− θω˜ + θω = 0,
‖Ψ‖ω˜ = e−φ.
(5.1)
By (2.2), the second equation can be written alternatively as
dω˜n−1 = (θω + dφ) ∧ ω˜n−1
and therefore the linearization of (5.1) at (Ψ, ω, h) is
∂¯∂h(δh) ∧ ωn−1 + (n− 1)δω ∧ ωn−2 = 0,
(d− θω)
(
(n− 1)δω ∧ ωn−2 − δφωn−1
)
= 0,
Λω(δω)− 2δφ = 0,
(5.2)
for δω ∈ Ω1,1, δh ∈ Ω0(i adPh) and δφ ∈ C∞(X), where Ph denotes the
principal K-bundle corresponding to the reduction h and
(d− θω)α = dα− θω ∧ α, for α ∈ Ωk.
As expected from Lemma 2.3, we observe that the parameter δφ is redundant.
Being variations of a hermitian metric on Q, the parameters δω and δh are
related by the linearization of (3.6) (see Definition 3.15). We want to study
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now the linearization (5.2) when (ω, h) varies in the Aeppli class σ ∈ Σ+Q of the
fixed solution, that is, for
δω = ic(δh, Fh) + 2∂ξ
0,1 + 2∂ξ0,1,
where ξ0,1 ∈ Ω0,1 (see Lemma 3.25). It will be useful to use a real parametriza-
tion of δω. For this, notice that dξ + Jdξ = 2(dξ)1,1 = 2(∂ξ0,1 + ∂ξ0,1) for any
real ξ ∈ Ω1, and therefore from now on we write
δω = dξ + Jdξ + ic(δh, Fh).
Motivated by the previous discussion, we define the operator
L : Ω1 × Ω0(adPh) → Ω2n−1 × Ω2n(adPh)
(ξ, s) 7→ (L1(ξ, s),L2(ξ, s))
with
L1(ξ, s) = (d− θω)
(
(T (dξ + Jdξ)− c(s, Fh)) ∧ ωn−2
)
,
L2(ξ, s) = i∂¯∂h(s) ∧ ωn−1 + (n− 1)Fh ∧ (dξ + Jdξ − c(s, Fh)) ∧ ωn−2,
and where, for any α ∈ Ω2, we set
T (α) = α− 1
2(n− 1)Λω(α)ω.
Remark 5.1. As already mentioned in Section 3.3, the Lie algebra of infini-
tesimal automorphisms of Q contains as a Lie subalgebra the space of global
sections H0(X,Q) of Q. In the model provided by Example 3.3, we can define
a Lie subalgebra
(LieAutQ)∗ = {r + ξ ∈ Ker πQ | r∗h = −r} ⊂ H0(X,Q). (5.3)
Note that r∗h = −r is equivalent to r ∈ Ω0(adPh). Then, there is an inclusion
(see (3.20) and (3.21))
(LieAutQ)∗ ⊂ KerL. (5.4)
In particular, we have Ker d ⊂ (LieAutQ)∗ ⊂ KerL, where d : Ω1 → Ω2. Even
though we have not been able to prove it in general, when the ∂∂¯-Lemma is
satisfied we expect an equality in (5.4). A confirmation of this expectation
would reduce the problem of deformation of solutions of the Calabi system
considered in Theorem 5.9 to algebraic geometry.
Consider the complex of differential operators
Ω0
ι1◦d−→ Ω1 × Ω0(adPh) L−→ Ω2n−1 × Ω2n(adPh) (d−θω)◦p1−→ Ω2n, (5.5)
where ι1 : Ω
1 → Ω1×Ω0(adPh) and p1 : Ω2n−1×Ω0(adPh)→ Ω2n−1 denote the
inclusion and the projection, respectively.
Lemma 5.2. The complex (5.5) is elliptic.
For the proof, we decompose
L = U +K, (5.6)
with
U , K : Ω1 × Ω0(adPh)→ Ω2n−1 × Ω2n(adPh),
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where U = U1 × U2 for
U1(ξ, s) = (d− θω)
(
(T (dξ + Jdξ)) ∧ ωn−2) ,
U2(ξ, s) = i∂¯∂h(s) ∧ ωn−1,
(5.7)
and
K(ξ, δh) = (−(d−θω)
(
c(s, Fh) ∧ ωn−2
)
, (n−1)Fh∧(dξ+Jdξ−c(s, Fh))∧ωn−2).
Note that while U is of order 2, the operator K is only of order 1, and hence
the leading symbol of L equals the leading symbol of U . The operator
U2 : Ω0(adPh)→ Ω2n(adPh)
is elliptic [43, Lemma 7.2.3], and therefore the proof of Lemma 5.2 is a direct
consequence of our next result.
Lemma 5.3. The following complex is elliptic
Ω0
d
// Ω1
U1
// Ω2n−1
d−θω
// Ω2n. (5.8)
Proof. Let x ∈ X and v ∈ T ∗x , v 6= 0. Let x ∈ X and v ∈ T ∗x , v 6= 0. We set
σU1(v) to be the symbol of U1 evaluated at v. Given ξ ∈ Λ1T ∗x , we have
σU1(v)(ξ) = v ∧ T (v ∧ ξ + Jv ∧ Jξ) ∧ ωn−2.
Without loss of generality, we assume that v is orthonormal and complete
{v, Jv} to an orthonormal basis {v, Jv, e2, Je2, . . . , en, Jen} for ω so that
ω = v ∧ Jv +
∑
i
ei ∧ Jei.
Then, in particular
v ∧ Jv ∧ ωn−2 = v ∧ Jv ∧
∑
i
∏
k 6=i
ek ∧ Jek (5.9)
and
v ∧ ωn−1 = (n− 1)v ∧
∏
i
ei ∧ Jei. (5.10)
Assume that σU1(v)(ξ) = 0 and decompose Jξ in the chosen basis
Jξ = cvv + c
′
vJv +
∑
i
ciei + c
′
iJei.
From formulas (5.9) and (5.10) we deduce∑
i
(ciei + c
′
iJei)∧ v ∧ Jv ∧
∏
k 6=i
ek ∧ Jek = 1
2
Λω(v ∧ ξ + Jv ∧ Jξ)v ∧
∏
i
ei ∧ Jei.
The last equation gives a decomposition in a basis of Λ2n−1T ∗x , and therefore
ci = c
′
i = 0 for any i, and also
Λω(v ∧ ξ + Jv ∧ Jξ) = 0.
From the last equation cv = 0 and hence
ξ = c′vv = σd(c
′
v)
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and the sequence (5.8) is elliptic at Ω1. To finish, note that σd−θω(v) = σd(v)
is surjective, and hence the proof follows by dimension count.

In the sequel, we will omit the injections and projections in the complex
(5.5), and regard Ω1 and Ω2n−1 as subspaces of the domain and codomain of
L, respectively. Our next goal is to show that L induces a Fredholm oper-
ator between suitable Hilbert spaces. Using ω and a choice of bi-invariant
positive-definite bilinear form on g, we endow the spaces of differential forms
and adPh-valued differential forms with L
2 norms. Consider the orthogonal
decompositions induced by Lemma 5.2
Ω1 × Ω0(adPh) = Im d⊕ Im L∗ ⊕H1,
Ω2n−1 × Ω2n(adPh) = Im L⊕ Im (d− θω)∗ ⊕H2n−1,
(5.11)
where
H1 := ker d∗ ∩ ker L,
H2n−1 := ker (d− θω) ∩ ker L∗
are finite dimensional. For the proof of our next result, we need the orthogonal
decomposition of the space of p-forms (with respect to the L2 inner product
given by ω) induced by the de Rham complex
. . .
d
// Ωp
d
// Ωp+1
d
// . . . ,
and the Morse-Novikov complex
. . .
d−θω
// Ωp
d−θω
// Ωp+1
d−θω
// . . . ,
given by
Ωp = Im d⊕ Im d∗ ⊕Hpd,
Ωp = Im (d− θω)⊕ Im (d− θω)∗ ⊕Hpd−θω ,
(5.12)
where we use the notation
Hpd := Ωp ∩ ker d ∩ ker d∗,
Hpd−θω := Ωp ∩ ker(d− θω) ∩ ker(d− θω)∗,
(5.13)
for the spaces of ω-harmonic and twisted ω-harmonic p-forms, respectively. We
consider the L2,k Sobolev completions of the spaces above, which we denote
with a subscript k, and use the same notation for the unique extension of the
differential operators to the completed spaces.
Proposition 5.4. The restriction of L to (Im d∗)k × Ω0(adPh)k induces a
Fredholm operator
L : (Im d∗)k × Ω0(adPh)k → (Im d− θω)k−2 × Ω2n(adPh)k−2. (5.14)
Proof. Using the orthogonal decompositions of Ω1 given by (5.11) and the first
equation in (5.12), we obtain
Im L∗ ⊕H1 = Im d∗ ⊕H1d ⊕ Ω0(adPh).
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From this, the kernel of the restriction of L to (Im d∗)k × Ω0(adPh)k is the
intersection H1 ∩ ((Im d∗)k ⊕ Ω0(adPh)k), which is finite-dimensional. On
the other hand, using the orthogonal decomposition of Ω2n−1 induced by the
Morse-Novikov complex we have
Im L ⊕H2n−1 = Im (d− θω)⊕H2n−1d−θω ⊕ Ω2n(adPh).
Thus, the cokernel of the restriction of L to (Im d∗)k×Ω0(adPh)k is the intersec-
tion H2n−1d−θω ∩ (Im (d− θω)k−2⊕Ω2n(adPh)k−2), which is finite-dimensional. 
To finish this section, we show next that the operator (5.14) has index zero,
provided that the solution is such that ℓX = 0 (see Lemma 2.2). In this
situation θω = dfω and (5.14) induces a Fredholm operator
L : (Im d∗)k × Ω0(adPh)k → (Im d)k−2 × Ω2n(adPh)k−2. (5.15)
The proof follows by a detailed study of the operator U1 (5.7) in the decompo-
sition (5.6). By Lemma 5.3, the complex
Ω0
d
// Ω1
U1
// Ω2n−1
d
// Ω2n
is elliptic, and therefore we obtain finite-dimensional spaces
H1U1 := ker d∗ ∩ kerU1,H2n−1U1 := ker d ∩ kerU∗1 .
By definition of U1, there are natural inclusions H1d ⊂ H1U1 , H2n−1d ⊂ H2n−1U1
(see (5.13)), and we consider the orthogonal decompositions
H1U1 = H1d ⊕ V, H2n−1U1 = H2n−1d ⊕W. (5.16)
Lemma 5.5. Assuming ℓX = 0, there is an equality U∗1 = ∗U1∗. Consequently,
the Hodge ∗-operator induces an isomorphism between V and W and the re-
stricted operator
U1 : (Im d∗)k → (Im d)k−2
is Fredholm with index zero.
Proof. We decompose
U1 = d ◦B ◦ T˜ ◦ (1 + J) ◦ d,
by setting for any α ∈ Ω2,
B(α) = e−fωα ∧ ωn−2,
T˜ (α) = α0 +
n− 2
2n(n− 1)Λωαω,
with α0 the trace-free part of α. Thus
U∗1 = d∗ ◦ (1 + J)∗ ◦ T˜ ∗ ◦B∗ ◦ d∗,
where we have d∗ = − ∗ d∗ and, on two-forms, J∗ = ∗J∗. Note that T˜ is
self-adjoint and B∗ = e−fω · Λn−2ω . Now, for any α ∈ Ω2, Lefschetz and type
decompositions give
(n− 2)! ∗ α = −α1,10 ∧ ωn−2 +
Λωα
n(n− 1)ω
n−1 + α2,0+0,20 ∧ ωn−2.
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Together with (1 + J)α = 2α1,1 on two-forms and [Λω, Lω] = (n − p)Id on
p-forms we obtain by a direct computation that U∗1 = ∗U1∗. To conclude the
proof, note that if ξ ∈ H1d, then ∗ξ ∈ H2n−1d . Thus, the result follows from the
orthogonal decompositions (5.16) and the fact that the ∗-operator induces an
isometry between H1d and H2n−1d . 
Corollary 5.6. Assuming ℓX = 0, the operator (5.15) is Fredholm and has
index zero.
Proof. From Lemma 5.5, and from the fact that U2 in (5.7) is elliptic of index
zero (see [43, Lemma 7.2.3]), we deduce that U = L − K is Fredholm with
index zero. Since K is of order one, it induces a compact operator by Rellich’s
Lemma, and hence the result follows. 
5.2. Stability under deformations. Building on Corollary 5.6, in this sec-
tion we show that, under natural assumptions, the existence of solutions to
the Hull-Strominger system (2.10) is stable under deformations of the Aeppli
class, the Bott-Chern algebroid Q and the complex manifold X . Note that
the operator (5.15) corresponds to the linearization of the more general Calabi
system (4.7) in a fixed Aeppli class, regardless of the choice of volume form µ
on X . Thus, in this section we work in the generality of a compact complex
manifold X endowed with a smooth volume form µ.
We start by studying the deformations of pairs (X,Q), given by a compact
complex manifold X and a Bott-Chern algebroid Q. We denote by P the
holomorphic principal bundle underlying Q. By a result of Ehresmann, a
complex deformation of X can be regarded as a smooth family of integrable
almost complex structures on the smooth manifold underlyingX . Furthermore,
if we let Q vary with the complex structure, we obtain a complex deformation
of the holomorphic bundle P , which can be regarded as a smooth family of
(0, 1)-connections on the smooth G-bundle P . Relying on [20, Def. 4.1] and
Theorem 3.5, it is natural to give the following definition.
Definition 5.7. A Bott-Chern deformation of (X,Q) is a family (Xt, Qt)t∈B
of Bott-Chen algebroids Qt over complex manifolds Xt parametrized by B,
satisfying:
i) (X0, Q0) = (X,Q),
ii) the map t 7→ Jt is smooth, where Jt is the almost complex structure of
Xt,
iii) for each t there exists a representative (Ht, θt) of the isomorphism class
of Qt as in (3.5), such that the map t 7→ (Ht, θt) is smooth.
Given a Bott-Chern deformation of (X,Q), the Bott-Chern property for Qt
implies that we can choose a more amenable representative of the isomorphism
class of Qt, after possibly twisting Qt by an Aeppli class. We will denote by
h2,2BC(X) the dimension of H
2,2
BC(X).
Lemma 5.8. Let (Xt, Qt)t∈B be a Bott-Chern deformation of (X,Q) with
h2,2BC(Xt) constant, and (Ht, θt)t∈B as in Definition 5.7. Then there exists a
smooth family t → (τt, ht) as in Definition 3.8, such that [(2i∂tτt, θht)] = Q˜t
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for all t, where (Xt, Q˜t)t∈B is a Bott-Chern deformation of (X,Q) related to
(Xt, Qt)t∈B by a family of twists. Furthermore, we can choose the family of
reductions ht to be constant. If, in addition, X satisfies the ∂∂¯-Lemma, then
Q˜t ∼= Qt for all t.
Proof. We fix a reduction h of P , and denote θht the Chern connection of h in
the holomorphic principal bundle Pt underlying Qt. Then, (H˜t, θ
h
t ) ∼ (Ht, θt),
where
H˜t = Ht + CS(θt)− CS(θht )− dc(θt ∧ θht ). (5.17)
By the Bott-Chern property, there exists (τt, ht), not necessarily smooth in t,
such that (2i∂tτt, θ
ht) ∼ (H˜t, θht ) for all t. By Lemma 3.24, we have
2i∂tτt = H˜t − 2i∂tR˜(ht, h) + dBt,
for Bt ∈ Ω2,0t , not necessarily smooth in t. Define τ˜t = τt + R˜(ht, h). It follows
from (5.17) that (2i∂tτ˜t, θ
h
t ) ∼ (Ht, θt) for all t, and furthermore
ddct τ˜t = c(Fθht ∧ Fθht ).
Considering now for each t a hermitian metric gt on Xt, such that t 7→ gt is
smooth, we use the decomposition induced by the Aeppli laplacian [54]:
Ω1,1t = H1,1∆Aet ⊕ Im(∂t ⊕ ∂t)⊕ Im(∂t∂t)
∗.
From ∂t(Im(∂t⊕ ∂t)) ⊂ dΩ2,0t , we can assume that τ˜t ∈ H1,1∆Aet ⊕ Im(∂t∂t)
∗. We
write τ˜t = τ
harm
t + (∂t∂t)
∗xt, for τ
harm
t ∈ H1,1∆Aet and xt ∈ Ω
2,2
t . Using now the
decomposition induced by the Bott-Chern laplacian [54],
Ω2,2t = H2,2∆BCt ⊕ Im(∂t∂t)⊕ Im(∂
∗
t ⊕ ∂
∗
t ),
we can assume xt ∈ Im(∂t∂t). In particular, ∂txt = ∂txt = 0 and thus ∂t∂t ◦
(∂t∂t)
∗xt = ∆
BC
t xt. Then, c(Fθht ∧ Fθht ) = 2i∂t∂tτ˜t = 2i∆BCt xt, and ∆BCt xt is
smooth. As h2,2BC(Xt) is constant, G∆BCt ◦∆BCt xt = xt is smooth, where G∆BCt
is the associated Green operator. The final part of the statement follows from
Lemma 3.14. 
We are now ready to prove the main result of this section. We assume that
Q is positive, and fix a positive Aeppli class σ ∈ Σ+Q. Via (3.14) we identify the
space of Aeppli classes ΣQ in Q with a subspace of H
1,1
A (X). We will denote
h1,1A (X) = dimH
1,1
A (X). We fix a volume form µ on X and consider a solution
of the Calabi system (4.7) with Aeppli class σ. Recall that there is an inclusion
Ker d ⊂ KerL, where d : Ω1 → Ω2 is the exterior differential acting on forms.
We denote by (Ker d)⊥ the orthogonal complement of Ker d in the domain of
L (for the L2 metric induced by the given solution of (4.7)).
Theorem 5.9. Assume that (X,Q) admits a solution of the Calabi system
with Aeppli class σ, such that (Ker d)⊥ ∩ KerL vanishes. Let (Xt, Qt)t∈B be
a Bott-Chern deformation of (X,Q) such that h1,1A (Xt) and h
2,2
BC(Xt) are con-
stant. Then, for any t small enough, (Xt, Qt) admits a differentiable family of
solutions, parametrized by an open set in ΣQt(R).
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Remark 5.10. In complex dimension 3 the spaces H1,1A (X) and H
2,2
BC(X) are
dual, and thus have the same dimension. In that case, the statement of Theo-
rem 5.9 is slightly simplified.
Remark 5.11. The proof relies on the implicit function theorem and thus implies
a local uniqueness result for (4.7). More precisely, there is a small neighbour-
hood V of the solution (ω, h):
V = {(ω′, eish) | ω′ ∈ Ω2, s ∈ Ω0(adPh), ||(ω, h)− (ω′, h′)||2,k < ǫ},
such that any solution of (4.7) in V lying on a small Bott-Chern deformation of
(X,Q) in a nearby Aeppli class σ′ comes from a unique differentiable family of
solutions (ωt, ht) induced by the deformation of (X,Q, σ) as in Theorem 5.9. In
particular, when the deformation is trivial, nearby solutions are parametrized
by a small neighbourhood U ⊂ ΣQ(R) of σ.
Remark 5.12. If we fix (X,P ) in Theorem 5.9 and let Q and σ vary, the
expected overall dimension of the space of deformed solutions is
dim Im ∂ + dim ker ∂ = dimH1,1A (X,R), (5.18)
where ∂ is as in (1.2). The first contribution has to be understood as the
number of deformations of Q, while the latter corresponds to dimΣQ(R). Re-
markably, combining [39, Table 1] with [57, Prop. 2.3], equation (5.18) matches
the number of solutions of the Hull-Strominger system in the nilmanifold h3
(see Example 3.18) found in [13], after the normalization (2.3). We thank L.
Ugarte for this observation.
Proof of Theorem 5.9. Let (Xt, Qt)t∈B be a Bott-Chern deformation of (X,Q)
and consider (τt, h) as in Lemma 5.8. We denote by σt the smooth one-
parameter family of compatible Aeppli classes σt = [(τt, h)] deforming σ. We
can assume that (τ0, h) is the given solution of (4.7), and therefore ωt = Re τt
is positive for t small enough. Denote
Πh : Ω
2n(adP )→ Ω2n(adPh)
the natural projection. Consider H1,1A (Xt, ωt) the space of ωt-harmonic Aeppli
(1, 1) classes on Xt [54], and denote by ∆
t
A the Aeppli laplacian. As h
1,1
A (Xt)
is constant, there is a differentiable family of isomorphisms:
ΠA,t : H1,1∆A(X)→H1,1∆tA(Xt).
Taking k ≫ 1, we define the operator
S : B ×H1,1∆A(X)× (Im d∗)k × Ω0(adPh)k → (Im d)k−2 × Ω2n(adPh)k−2
(t, γ, ξ, s) 7→ (S1(t, γ, ξ, s),S2(t, γ, ξ, s)),
by
S1(t, γ, ξ, s) = d(e−fω˜γ,t ω˜n−1γ,t ),
S2(t, γ, ξ, s) = Πh(Fθh′t ∧ ω˜
n−1
γ,t ),
where h′ = exp(is) · h and θh′t is the Chern connection of h′ on P ct . Further,
ω˜γ,t = ωt +ΠA,tγ + (1 + Jt)dξ + R˜(h
′, h).
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Note that for t and γ small enough, zeros of S(t, γ, ·, ·) are solutions of the
system (4.7) on (Xt, Q˜t) in the class σt + ΠA,tγ, for Q˜t = Qt ⊗ ΠA,tγ. The
differential of S at zero with respect to (ξ, s) is L in (5.15). From Corollary
5.6 the operator L is invertible, so the implicit function theorem applies. By
elliptic regularity the zeros of S are smooth, and hence the result follows from
Lemma 3.14. 
To finish this section, we analyze the consequences of Theorem 5.9 when the
∂∂¯-Lemma is satisfied. This result shall be compared with [20, Prop. 4.2].
Lemma 5.13. Assume that X is a ∂∂¯-manifold. Then any small complex de-
formation (Xt, Pt) of (X,P ) induces a unique Bott-Chern deformation (Xt, Qt)
of (X,Q) such that the underlying principal bundle of Qt is Pt for all t.
Proof. First, note that X satisfying the ∂∂¯-lemma, any small complex defor-
mation Xt of X is a ∂∂¯-manifold. For such deformations, h
2,2
BC(Xt) is constant,
and the natural maps H2,2BC(Xt)→ H4(X,C) are injective.
Let (Xt, Pt) be a complex deformation of the pair (X,P ), which we regard
as a smooth family of (0, 1)t-connections on the smooth G-bundle P , together
with a smooth family (Jt) of almost complex structures on X . By Chern-Weyl
theory, p1(Pt) = 0 in De Rham cohomology for all t, and thus by the previous
remark p1(Pt) = 0 in H
2,2
BC(Xt) for all t. Taking a reduction h of P , we then
have
ddctτt = c(Fθht ∧ Fθht ),
where τt ∈ Ω1,1(Xt) and θht is the Chern connection of h on Pt. Taking now a
smooth family of hermitian metrics on X with respect to (Jt) and considering
the Bott-Chern laplacians, it follows as in the proof of Lemma 5.8 that we can
choose τt varying smoothly with t. The family (2i∂tτt, θ
h
t ) provides a required
Bott-Chern deformation of (X,Q). Uniqueness for such deformations follows
by Proposition 3.9. 
The following specialization of Theorem 5.9 follows by a direct application
of Lemma 5.13. Recall that on a ∂∂¯-manifold the Aeppli and Bott-Chern coho-
mologies are isomorphic to the Dolbeault cohomology Hp,q(X). Furthermore,
hp,q(X) is constant along any complex deformation.
Corollary 5.14. Assume that X is a ∂∂¯-manifold, and that (X,Q) admits a
solution of the Calabi system such that (Ker d)⊥ ∩ KerL vanishes. Then any
small complex deformation of (X,P ) induces a unique Bott-Chern deformation
of (X,Q) admitting a family of solutions of the Calabi system of dimension
h1,1
R
(X).
5.3. Deformation of standard embedding solutions. In this section we
address the deformation problem for special solutions of the Calabi system
(4.7), that we will call standard embedding solutions by analogy with a similar
situation considered in the physics literature (see Remark 2.6).
Let X be a compact complex manifold of dimension n with compatible
smooth volume form µ. Let P be a holomorphic principal G-bundle with
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p1(P ) = 0 ∈ H2,2BC(X). For the next definition, we take the point of view of the
principal bundle P , and therefore we consider the system (4.10).
Definition 5.15. A solution (ω, h) of the system (4.10) is called a standard
embedding solution if G = G′×G′ for a reductive Lie group G′, c is (a multiple)
of the difference of the Killing form − trg′ on the two copies of g′, that is,
c = α(− trg′ + trg′)
for α ∈ R, P = PG′ ×X PG′ for a holomorphic G′-bundle PG′ over X and
h = hK × hK for a reduction hK of PG′ to a maximal compact K ⊂ G′.
For a standard embedding solution c(Fh ∧ Fh) = 0 and hence ω satisfies the
system (4.18). Thus, by Proposition 4.12, ω is Ka¨hler. Conversely, given a
Ka¨hler metric on X satisfying (4.19) and a Hermite-Einstein reduction hK on
PG′, we can construct a standard embedding solution by setting h = hK × hK .
Furthermore, when X is Calabi-Yau and µ is given by (4.11), the metric has
holonomy contained in SU(n).
In order to address the deformation problem for standard embedding solu-
tions, we need first to understand the operator U1 in Lemma 5.5 when ω is
Ka¨hler.
Proposition 5.16. Assume that ω is Ka¨hler. Then V andW in (5.16) vanish,
and therefore U1 in Lemma 5.5 is invertible.
Proof. From Lemma 5.5, it is enough to show that V = 0. Let ξ ∈ V. To
simplify notations, set γ = (1 + J)dξ = 2(dξ)1,1. By definition of U1, and as ω
is Ka¨hler (note that e−fω is constant), we have
dγ ∧ ωn−2 = 1
2(n− 1)(dΛωγ) ∧ ω
n−1.
The left hand side in the above identity satisfies
dcdγ ∧ ωn−2 = 0.
Thus the right hand side is also dc-closed. Applying dc, we obtain
∆ω(Λωγ) = 0,
and the function Λωγ is constant so, using that Λωα = 0 for any α ∈ Ω2,0+0,2,
we conclude that
Λωγ = Λω(1 + J)dξ = 2Λω(dξ).
From the Ka¨hler identities,
Λωdξ = dΛωξ − (dc)∗ξ = −(dc)∗ξ
and, as Λωdξ is constant, it must vanish identically. Thus, dξ is primitive.
Using now
dcγ ∧ ωn−2 = 0
and γ = (1 + J)dξ = dξ + dc(Jξ), we have that dξ also satisfies
dcdξ ∧ ωn−2 = 0.
48 M. GARCIA-FERNANDEZ, R. RUBIO, C. S. SHAHBAZI, AND C. TIPLER
We deduce by Stokes’ theorem that∫
X
dc(Jξ) ∧ dξ ∧ ωn−2 =
∫
X
J(dξ) ∧ dξ ∧ ωn−2 = 0. (5.19)
Note that Jdξ = (dξ)1,1−(dξ)2,0+0,2. Recall also that dξ being primitive implies
that
∗(dξ)1,1 = −(dξ)1,1 ∧ ω
n−2
(n− 2)! ,
whereas
∗(dξ)2,0+0,2 = (dξ)2,0+0,2 ∧ ω
n−2
(n− 2)! .
From (5.19), we deduce that the L2-norm ||dξ||ω is zero, and dξ = 0. By
definition of V we conclude that ξ must be zero, and the proof is complete. 
We fix a standard embedding solution (ω, h) of (4.10) as in Definition 5.15.
Note that for any constant r > 0, the pair (rω, h) is also a standard embedding
solution, and it defines a one-parameter family of hermitian metrics on the
Bott-Chern algebroid Q with holomorphic string class [(0, θh)]. Denote by
Lrω,h the linearization at (rω, h) with fixed Aeppli class σ = [(rω, h)], given
by the operator (5.15). Following an idea by Li and Yau [42], we have the
following.
Lemma 5.17. Assume that G′ is semisimple and that the Chern connection
of hK is irreducible. Then, there is a constant r0 > 0 such that for any r ≥ r0,
the linearization Lrω,h at (rω, h) is invertible.
Proof. As in [42], we evaluate Lrω,h at (rξ, s) :
Lrω,h(rξ, s) = rn−1U ′(ξ, s) + rn−2K′(ξ, s)
with
U ′(ξ, s) = (U1(ξ), dhdchs ∧ ωn−1 + (n− 1)F ∧ (1 + J)dξ ∧ ωn−2)
K′(ξ, s) = (d(c(s, Fh) ∧ ωˆ), (n− 1)F ∧ c(s, Fh) ∧ ωn−2).
As ω is Ka¨hler, we have ndhd
c
hs∧ ωn−1 = (∆hs)ωn, where ∆hs is the laplacian
of the Chern connection of h. Furthermore, as the Chern connection of hK
is irreducible Ker∆hs is identified with the centre of g
′ ⊕ g′, which vanishes
because G′ is semisimple, and therefore by Proposition 5.16 the operator U ′ is
invertible. As
rn−1Lrω,h(rξ, s) = U ′(ξ, s) + r−1K′(ξ, s),
for r large enough, rn−1Lrω,h is invertible. 
Combining Corollary 5.14 with Lemma 5.17 we obtain the following result.
Recall that on a Ka¨hler manifold the Aeppli cohomology is isomorphic to the
Dolbeault cohomology Hp,q(X). Furthermore, hp,q(X) is constant along any
complex deformation.
Corollary 5.18. Assume that (ω, h) is a standard embedding solution of (4.10),
with G′ semisimple and hK irreducible. Then, up to scaling of ω, any small
complex deformation of (X,P ) admits an h1,1
R
(X)-dimensional differentiable
family of solutions of (4.7).
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Example 5.19. Let X be a projective complete intersection Calabi-Yau three-
fold. Consider the standard embedding solution of the Hull-Strominger system
in Remark 2.6, given by a Calabi-Yau metric g on X with Ka¨hler form ω and
induced hermitian metric h on TX ⊕ TX . By [33, Cor. 2.2], the tangent
bundle TX has unobstructed deformations, parametrized by H1(End TX). By
Lemma 5.13 the space
H1(EndTX)⊕H1(End TX).
parametrizes the unobstructed Bott-Chern deformations of Q, with fixed X .
From Corollary 5.18, we obtain a family of solutions of the Hull-Strominger
system obtained by deformation of the standard embedding solution of real
dimension
h1,1(X) + 4h1(EndTX).
Among these deformations there is a codimension 2h1(EndTX) family which
corresponds to standard embedding solutions. Away from this locus, the de-
formed solutions are non-Ka¨hler. For the quintic hypersurface h1(End TX) =
224 and h1,1(X) = 1, and we obtain a family of non-Ka¨hler solutions of real
dimension 897.
Appendix A. Variational approach using balanced classes
A.1. Variational interpretation fixing the balanced class. Let E be a
holomorphic vector bundle of rank r over a compact complex manifold X with
complex dimension n = dimX > 2. We fix a bi-invariant symmetric bilinear
form
c : gl(r,C)⊗ gl(r,C)→ C.
Then, for any hermitian metric h on E we obtain a characteristic class repre-
sentative
c(Fh ∧ Fh) ∈ Ω2,2.
We assume in the sequel that X is balanced, that is, it admits a hermitian
metric ω satisfying the balanced condition
dωn−1 = 0.
We fix a volume form µ on X compatible with the complex structure and, for
any hermitian metric ω onX , we define the dilaton function fω of the hermitian
metric ω with respect to the volume form µ as in (4.5). We will consider the
situation where E splits holomorphically
E = V ⊕W
and set
c = −αv trv−αv trw
for αv, αw arbitrary real constants. Note that, even though c may not be
gl(r,C)-invariant, it still defines an invariant R(h0, h1) for product metrics
h = hv ⊕ hw (see Proposition 3.19). Unless otherwise specified, our hermitian
metrics h on E are always product metrics.
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To define the functional, we assume that the characteristic class defined by
c vanishes in Bott-Chern cohomology (see (2.6)), that is,
[c(Fh ∧ Fh)] = 0 ∈ H2,2BC(X).
Then, for a choice of hermitian metric h0 on E, there exists τ ∈ Ω1,1 (which
can be taken to be real) satisfying
ddcτ0 = c(Fh0 ∧ Fh0). (A.1)
Finally, we define constants
λ =
2(n− 1)
n− 2 , γ =
2(n− 1)
nλ
=
n− 2
n
.
Definition A.1. Let X be a compact complex manifold of dimension n >
2. We define a functional for a tuple (h, ω, h0, τ0), where h, h0 are hermitian
metrics on E, ω is a balanced metric on X and τ0 is a real (1, 1)-form satisfying
(A.1), as follows
M(h, h0, ω, τ0) =
∫
X
γe(λ−2)fωωn − (τ0 +R(h, h0)) ∧ ωn−1. (A.2)
In (A.2) we use Proposition 3.19 combined with the balanced property of
the metric ω for the functional to be well defined. The functional
MD(h, h0, ω) = −
∫
X
R(h, h0) ∧ ωn−1 (A.3)
with ω fixed corresponds to Donaldson’s functional in the theory of Hermite-
Yang-Mills connections [9].
Our goal is to understand the behaviour of the functional M when ω varies
in a balanced class
σ ∈ Hn−1,n−1BC (X).
Lemma A.2. If (δh, ddcϕ) is an infinitesimal variation of (h, ω) with ϕ ∈
Ωn−2,n−2, then
δh,ωM =
∫
X
ϕ ∧ (ddc(e(λ−2)fωω)− c(Fh ∧ Fh))
−
∫
X
ic(h−1δh, Fh) ∧ ωn−1.
Proof. The proof reduces to the properties of the invariant R(h, h0) in Propo-
sition 3.19, combined with the variation of the functional
Mdil(ω) :=
∫
X
e(λ−2)fωωn = n!
∫
X
eλfωµ.
To calculate δωMdil, we note that 2δfω = Λω(δω) by definition of fω. Using
that
(n− 1)(δω) ∧ ωn−2 = ddcϕ,
we have
− δω + Λω(δω)ω = 1
(n− 1)! ∗ dd
cϕ. (A.4)
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Taking now wedge product with ωn−1/(n− 1)! it follows that
Λω(δω) =
1
(n− 1)(n− 1)! ∗ (dd
cϕ ∧ ω). (A.5)
From this, we conclude
δωMdil =
λn
2(n− 1)
∫
X
(∗(ddcϕ ∧ ω))e(λ−2)fω ω
n
n!
=
λn
2(n− 1)
∫
X
e(λ−2)fωddcϕ ∧ ω,
and the result follows by integration by parts. 
The critical points of the functional (A.2) are therefore given by the system
of equations
Fh ∧ ωn−1 = 0,
dωn−1 = 0,
ddc(e(λ−2)fωω)− c(Fh ∧ Fh) = 0,
(A.6)
with the additional condition [ωn−1] = σ. Assuming that X admits a holo-
morphic volume form, in the following proposition we establish the relation
between the functional M and the Hull-Strominger system (2.10).
Proposition A.3. Let X be a compact complex balanced manifold with dimen-
sion > 3. Assume that X admits a holomorphic volume form Ω, and define µ
by (4.11). If (ω, h) is critical point of M , then (e
2
n−2
fωω, h) is a solution of the
Hull-Strominger system (2.10). Conversely, if (ω, h) is a solution of (2.10),
then (‖Ω‖ 1n−1ω, h) is a critical point of M .
Proof. The first equation in (A.6) and (2.10) are invariant under conformal
transformations of the hermitian metric, so we just have to argue for the last
two conditions. For the ‘if part’, note that
λ− 2 = 2
n− 2
and that ω′ = e(λ−2)fωω satisfies
‖Ω‖ω′(ω′)n−1 = e
−n
n−2
fω‖Ω‖ωe
2(n−1)
n−2
fωωn−1 = ωn−1,
where have used that ‖Ω‖ω = e−fω . For the ‘only if part’, if ω˜ = ‖Ω‖ 1n−1ω then
e−fω˜ = ‖Ω‖ω˜ = ‖Ω‖
− n
2(n−1)
ω ‖Ω‖ω
and therefore e(λ−2)fω˜ ω˜ = ω. 
A.2. The second variation. In this section we study the second variation of
the functional (A.2). Assume that (ωt, ht) moves in a one-parameter family,
with ωt = ω + dd
cϕt for ϕt ∈ Ωn−2,n−2, and initial condition (ω, h). Using the
Lefschetz decomposition, we can write
ddcϕ˙ = σ ∧ ωn−2 + βω
n−1
n!
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at the initial time, where σ is a primitive (1, 1)-form and β ∈ C∞(X) given by
β = ∗(ddcϕ ∧ ω).
Lemma A.4. The following identity holds:
∂2tM =
∫
X
ϕ¨ ∧ (ddc(e(λ−2)fωω)− c(Fh ∧ Fh))
+
1
(n− 1)!
∫
X
e(λ−2)fω
(
n(λ− 2) + 2
2n(n− 1) |dd
cϕ˙ ∧ ω|2 − |ωn−2 ∧ σ|2
)
ωn
n!
− 2i
∫
X
c(h−1h˙, Fh) ∧ ddcϕ˙+ 1
2n
∫
X
|dh(h−1h˙)|2cωn −
∫
X
c(h−1h¨, Fh) ∧ ωn−1.
Proof. We first calculate the second variation of Mdil. We have
∂2tMdil =
λn
2(n− 1)
∫
X
ϕ¨ ∧ ddc(e(λ−2)fωω) + ϕ˙ ∧ ddc(∂t(e(λ−2)fωtωt))
and, using (A.4) and (A.5),
∂t(e
(λ−2)fωtωt) =
λ− 2
2
(Λωω˙)e
(λ−2)fωω + e(λ−2)fω ω˙
= e(λ−2)fω
(
λ
2
(Λωω˙)ω − 1
(n− 1)! ∗ dd
cϕ˙
)
=
e(λ−2)fω
(n− 1)!
(
λ
2(n− 1)(∗(dd
cϕ˙ ∧ ω))ω − ∗ddcϕ˙
)
.
From this, we conclude that∫
X
ϕ˙ ∧ ddc(∂t(e(λ−2)fωtωt)) = 1
(n− 1)!
∫
X
e(λ−2)fω
( λ
2(n− 1) |dd
cϕ ∧ ω|2 − |ddcϕ|2
)ωn
n!
.
Using now the orthogonality of the Lefschetz decomposition
|ddcϕ|2 = |σ ∧ ωn−2|2 + |ddcϕ˙ ∧ ω|2/n,
we obtain the formula
∂2tMdil =
λn
2(n− 1)
∫
X
ϕ¨ ∧ ddc(e(λ−2)fωω)
+
λn
2(n− 1)(n− 1)!
∫
X
e(λ−2)fω
(n(λ− 2) + 2
2n(n− 1) |dd
cϕ ∧ ω|2 − |σ ∧ ωn−2|2
)ωn
n!
.
To conclude the proof, we note that
−∂2t (MD +Mτ0) =−
∫
X
ic(h−1h˙, Fh) ∧ ddcϕ˙−
∫
X
2∂¯∂c(h−1h˙, Fh) ∧ ωn−1
−
∫
X
ic(∂h(h−1h˙) ∧ ∂¯(h−1h˙)) ∧ ωn−1 −
∫
X
c(h−1h¨, Fh) ∧ ωn−1.
The statement follows now by integration by parts combined with the formula
ic(∂h(h−1h˙) ∧ ∂¯(h−1h˙)) ∧ ωn−1 = |dh(h−1h˙)|2cωn/n.

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By definition of the bilinear form c, in the holomorphic splitting E = V ⊕W
we have
|dh(h−1h˙)|2c = αv|dhv(h−1v h˙v)|2 + αw|dhw(h−1w h˙w)|2,
where h = hv⊕hw and h˙ = h˙v⊕ h˙w. Since αv, αw are taken to be arbitrary real
constants, the quantity |dh(h−1h˙)|2c in our formula for the second variation does
not necessarily have a sign. Actually, the next result, which we state without
proof, prevents us from choosing these constants to be simultaneously positive.
Proposition A.5. Assume that the bilinear form c is positive definite. If (ω, h)
is a solution of (4.10) then h is flat and ω is Ka¨hler Ricci-flat.
In addition to the lack of positivity of |dh(h−1h˙)|2c , the contributions to the
hessian coming from the dilaton and the primitive part of ddcϕ have opposite
signs. Altogether, it does not seem possible to undertake a variational approach
to the Hull-Strominger system using the functional (A.2), which gives further
evidence for the suitability of our framework.
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